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Abstract: Many generalized families of distributions have been proposed and studied 

over the last two decades for modeling data in many applied areas. In this paper, 

depending on the idea of Bourguignon et al., a new family of weighted exponential 

distribution named as weighted exponential   family of probability distributions 

has been proposed and studied which based on using weighted exponential generator. 

In addition, weighted exponential - uniform and weighted exponential - 

Kumaraswamy distributions have been provide as two examples for this new family. 

Keywords: Weighted Exponential Distribution;   family of probability 

distributions; Maximum Likelihood Estimation. 

 

INTRODUCTION  

               The weighted exponential, (  ) distribution has been introduced by Gupta 

and Kundu [1]. Many generalized families of this distribution have been proposed 

and studied. Al-Mutairi et al., [2] investigated the extension of the weighted 

exponential distribution to the bivariate and multivariate cases. Roy and Adnan [3] 

introduced a new class of circular distribution which is called wrapped weighted 

exponential distribution. Zamani et al., [4] presented a new class named bivariate 

Poisson weighted exponential distribution and studied several properties, such as, 

mean, variance, correlation and joint moment generating function. Oguntunde [5] 

suggested a generalization of the weighted exponential distribution using the 

exponentiated class of distribution. 

 

Oguntunde et al., [6] introduced and provided the basic mathematical properties of a new class of two 

parameters weighted exponential distribution. Mahdavi and Jabbari [7] proposed a new class of weighted distributions by 

incorporating an extended exponential distribution in Azzalini's method. In this paper, we are interested in proposed a 

new family of weighted exponential distribution named as weighted exponential   family of probability distributions 

based on using weighted exponential generator. 

 

The    distribution has the probability density function whose shape is very similar to the shape of probability 

density function of Weibull, gamma and generalized exponential distributions, while the    distribution has many good 

properties and can be applied as a good fit for modeling life time data [8]. The probability density function (pdf) of     

distribution is given by [9]: 
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The corresponding cumulative distribution function of    distribution is given by [10]: 
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The reliability and hazard functions of    distribution at time ( ), respectively, are given by [11]:  
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The      moments about the origin is [12]: 
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The moment generating function,   ( ) , for         can be expressed by [13]: 

  ( )    (   )    
(   ) 

 
 [

 

    
   

 

       
]                                             ( ) 

In particular:  
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Weighted Exponential - G Family of Probability Distributions  
Bourguignon et al., [14] proposed and studied a new family of Weibull distribution based on using Weibull 

generator and they called it           family of probability distributions. The term generator means that for each 

parent (baseline) distribution we have a different cumulative distribution function. However, depending on their idea and 

to follow the same way, we will present a new family to    distribution. Additionally, we provide two examples of the 

mathematical proposed family of distributions. 

 

Consider a continuous distribution   with density g  of  the WE distribution as in equation (1). Depending on 

this density by replacing   with  
 (   )

 ̅(   )
[ ̅(   )     (   )] , Such that  (   ) is a parent (baseline) cumulative 

distribution function depends on a parameter vector  , we define the cumulative distribution function family by: 
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The family pdf is given by: 
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Then, a random variable   with pdf as in equation (  )is denote by       (     ) 

 

The reliability and hazard functions of      family at time ( ), respectively, are given by: 
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In the other side, in order to obtain some mathematical properties of the      distribution, we have to 

mention that the pdf of      in equation (  ) can be expressed as an infinite linear combination of   distribution 

where the mathematical properties can be obtained directly from those properties. By using the power series for the 

exponential function, we get:      
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Inserting (  ) (  ) in (  ), we get: 
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Then, by using the generalization of Binomial theorem, we get: 

( ̅(   ))
  

 ∑
 (   )

    ( )
( (   ))

  

     
                                                                 (  ) 

( ̅(   ))
 (   )

 ∑
 (     )

    (   )
( (   ))

 
 

     
                                                  (  ) 

Inserting (  ) (  ) in (  ), we get: 

     (       )  
(   ) (   )

 
∑

(  )       (     )

       (   )

 

     
 ( (   ))

   
( 

 ∑
(  )       (   )

       ( )

 

     
 ( (   ))

   
  )                           (  )  

Let: 

     ( (   ))
   

                                                                                                           (  ) 

     
(  )       (     )

       (   )
                                                                                    (  ) 

     
(  )       (   )

       ( )
                                                                                           (  ) 

Inserting (  ) (  )     (  ) in (  ), we get: 
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In the following subsections, we give two examples of the      family of distributions call the weighted 

exponential - uniform distribution and the weighted exponential - Kumaraswamy distribution. 

 

Weighted Exponential - Uniform Distribution 

Consider the parent distribution is Uniform distribution with density and cumulative distribution functions, 

respectively, given by (Bourguignon et al., 2014): 
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Now, depending on equation  (  ) , 
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 , the cumulative distribution function of a new 

distribution called  Weighted Exponential - Uniform (    )distribution with three parameters can be obtained as: 

     (       )  
 

 
[(   ) (     

   
   )      

 (   )  
      ] 

                                     
 

 
   

   
   (       

 (   )  
   )                                         (  ) 

and the corresponding pdf will be: 
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Where     is the shape parameter and       are the scale parameters and according to equation (  ), the pdf can be 

expressed as: 
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the estimates of reliability and hazard functions  of      distribution at time ( ), respectively, are given by: 
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Now, to estimate the three unknown parameters       by maximum likelihood estimation method, consider that 

  (             ) be a random sample of the      distribution defined by (  )  The likelihood and natural-log 

likelihood functions for the given sample observations are defined, respectively, by:  
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The maximum likelihood estimates (MLEs) of the above three parameters are the solution of the first partial 

derivatives of        equation (  )  with respect to that parameters. Since there are no closed forms of the solutions, 

iterative approximation techniques such as, Newton–Raphson iterative technique can be used to obtain the MLEs. In 

Newton-Raphson method, the solution of the likelihood equation, at iteration (   ) is obtained through the following 

iterative process, 
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When the convergence occurs between iteration (   ) and  ( ) , i.e. the absolute difference between two 

successive iterations is less than pre-specified error tolerance,    , then the current   ̂(   )   ̂(   )  and 

 ̂(   ) represent the MLEs of       and   via NR algorithm which we refer to as,  ̂     ̂   and  ̂     
 

Then, according to an invariant property of the ML estimator, the reliability and hazard functions at mission 

time ( ) of the        distribution can be obtained, respectively, by replacing       and   in equations (  ) and 

(  ) by their ML estimates as: 
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Weighted Exponential - Kumaraswamy Distribution   

Consider the parent distribution is Kumaraswamy distribution with density and cumulative distribution 

functions, respectively, given by [15]: 
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function of a new distribution called Weighted Exponential - Kumaraswamy (    )distribution with four parameters 

can be obtained as: 
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and the corresponding pdf will be: 
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where          0 is the scale parameter and          are the shape  parameters and according  to equation 

(  ), the pdf can be expressed as: 
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The reliability and hazard functions of      distribution, respectively, are given by: 
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Now, the MLEs of          are the solutions of the first partial derivatives of the natural-log likelihood function 

      with respect to those parameters where the likelihood and natural-log likelihood functions for equation (  ) are 

defined, respectively, by: 
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Now, since there are no closed forms of the solutions, Newton–Raphson iterative technique, can be used to 

obtain the MLEs as, 
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When the convergence occurs between iteration (   ) and ( ) , i.e. the absolute difference between two 

successive iterations is less than pre-specified error tolerance,    , then the current  ̂(   )   ̂(   )   ̂(   )  and 

 ̂(   ) represent the MLEs of         and   via NR algorithm which we refer to as,  ̂     ̂     ̂    and  ̂     
 

Then, according to an invariant property of the ML estimator, the estimates of reliability and hazard functions at 

mission time ( ) can be obtained, respectively, by replacing       and   in equations (  ) and (  )  by their ML 

estimates.  

 

Concluding Remarks  
Based on the idea of Bourguignon et al., a new family to weighted exponential distribution named weighted 

exponential      family of distributions has been presented. We concluded that the probability density function of 

weighted exponential      family can be expressed as an infinite linear combination of   distribution. Further, two 

examples of weighted exponential     family of distributions "weighted exponential - uniform distribution and weighted 

exponential - Kumaraswamy distribution" are discussed along with the maximum likelihood estimation of their 

parameters.  

 

REFERENCES 

1. Gupta, R. D., & Kundu, D. (2009). A new class of weighted exponential distributions. A Journal of Theoretical and 

Applied Statistics, 43(6): 621-634. 

2. Al-Mutairi, D. K., Ghitany, M. E., & Kundu, D. (2011). A New Bivariate Distribution with Weighted Exponential 

Marginals and Its Multivariate Generalization. Stat Papers, 52: 921-936. 

3. Roy, S., & Adnan, M. A. S. (2012). Wrapped Weighted Exponential Distribution. Statistics and Probability Letters, 

82(1): 77-83.  

4. Zamani, H., Faroughi, P., & Ismail, N. (2014). Bivariate Poisson-Weighted Exponential Distribution with 

Applications. Proceedings of the 3rd International Conference on Mathematical Sciences, AIP Conf. Proc. 1602: 

964-968. 

http://scholarsmepub.com/sjet/


 

 

Nadia H. Al-Noor & Lamyaa K. Hussein., Saudi J. Eng. Technol., Vol-3, Iss-2 (Feb, 2018): 51-59       

Available online:  http://scholarsmepub.com/sjet/                                                                                       59 

 

 

5. Oguntunde, P. E. (2015). On the Exponentiated Weighted Exponential Distribution and Its Basic Statistical 

Properties, Applied Science Reports, 10(3): 160-167. 

6. Oguntunde, P. E., Owoloko, E. A., & Balogun, O. S. (2016).  On A New Weighted Exponential Distribution: Theory 

and Application. Asian Journal of Applied Sciences, 9(1): 1-12. 

7. Mahdavi, A., & Jabbari, L. (2017). An Extended Weighted Exponential Distribution, Journal of Modern Applied 

Statistical Methods, 16(1): 296-307. 

8. Widiharih, T., Haryatmi, S. & Gunardi (2013). D-optimal Designs for Weighted Exponential and Generalized 

Exponential Models. Applied Mathematical Sciences, 7(22), 1067-1079. 

9. Makhdoom, I. (2012). Estimation of R = P [Y< X] for Weighted Exponential Distribution. Journal of Applied 

Sceinces, 12(13): 1384-1389. 

10. Alqallaf, F., Ghitany, M. E., & Agostinelli, C. (2015). Weighted Exponential Distribution: Different Methods of 

Estimations. Applied Mathematics and Information Sciences, 9(3): 1167-1173. 

11. Farahani, Z. S. M., & Khorram, E. (2014). Bayesian Statistical Inference for Weighted Exponential Distribution. 

Communications in Statistics - Simulation and Computation, 43(6): 1362-1384. 

12. Lee, J. C., & Lee, C. S. (2012). An approximate maximum likelihood estimator in a weighted exponential 

distribution. Journal of the Korean Data and Information Science Society, 23(1): 219-225. 

13. Nasiri, P., Makhdoom, I., & Yaghoubian, B. (2011). Estimation Parameters of the Weighted Exponential 

Distribution. Australian Journal of Basic and Applied Sciences, 5(9): 2007-2014. 

14. Bourguignon, M., Silva, R. P., & Cordeiro, G. M. (2014). The Weibull-G Family of Probability Distributions. 

Journal of Data Science, 12: 53-68. 

15. Kumaraswamy, P. (1980). A generalized probability density functions for double-bounded random processes. 

Journal of Hydrology, 46: 79-88. 

http://scholarsmepub.com/sjet/

