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INTRODUCTION

DOI: The weighted exponential, (WE) distribution has been introduced by Gupta
10.21276/sjeat.2018.3.2.1 and Kundu [1]. Many generalized families of this distribution have been proposed
and studied. Al-Mutairi et al., [2] investigated the extension of the weighted
exponential distribution to the bivariate and multivariate cases. Roy and Adnan [3]
introduced a new class of circular distribution which is called wrapped weighted
exponential distribution. Zamani et al., [4] presented a new class named bivariate
Poisson weighted exponential distribution and studied several properties, such as,
mean, variance, correlation and joint moment generating function. Oguntunde [5]
suggested a generalization of the weighted exponential distribution using the
exponentiated class of distribution.

Oguntunde et al., [6] introduced and provided the basic mathematical properties of a new class of two
parameters weighted exponential distribution. Mahdavi and Jabbari [7] proposed a new class of weighted distributions by
incorporating an extended exponential distribution in Azzalini's method. In this paper, we are interested in proposed a
new family of weighted exponential distribution named as weighted exponential G —family of probability distributions
based on using weighted exponential generator.

The WE distribution has the probability density function whose shape is very similar to the shape of probability
density function of Weibull, gamma and generalized exponential distributions, while the WE distribution has many good
properties and can be applied as a good fit for modeling life time data [8]. The probability density function (pdf) of WE
distribution is given by [9]:

a+1
fwe(x;a, 1) =T)le"1"(1—e“”") ;x>0 a,1>0 (D
The corresponding cumulative distribution function of WE distribution is given by [10]:
1
Fpe(a,2) =1— . e (a+1—e) (2
The reliability and hazard functions of WE distribution at time (t), respectively, are given by [11]:
1
Ryr(t;a,)) =1—F(t;a, M) = o e M (a+1— e ™M) ..(3)
_ _fGad) (@+1)A(1—e )
hWE(t’ a’/’{) - R(t, a’/'{) - a+ 1 — e_a)_t (4)

The rt" moments about the origin is [12]:
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. _(a+1)F(r+1) 1 o
E(XT) = — ( e a)m) r=123, . . (5)
The moment generating function, My (t) , for —1 < t < 1 can be expressed by [13]:

Mo(t) = E(etX _(a+1)/1 1 1 6

x(®) =EET) = a [A—t_l—t+/1a] -+ (6)
In particular:
My(0) =EX) = at2 7

x(0) = ()—m - (7)

2(a? +3a+3)

n —_ 2 —
My (0) = E(X?) = T EarD? ..(8)
Then,

X) = ! 1 —1 9
”()‘/1_2[ +(a+1)2] ~®

Weighted Exponential - G Family of Probability Distributions

Bourguignon et al., [14] proposed and studied a new family of Weibull distribution based on using Weibull
generator and they called it Weibull — G family of probability distributions. The term generator means that for each
parent (baseline) distribution we have a different cumulative distribution function. However, depending on their idea and
to follow the same way, we will present a new family to WE distribution. Additionally, we provide two examples of the
mathematical proposed family of distributions.

Consider a continuous distribution G with density g of the WE distribution as in equation (1). Depending on
this density by replacing x with ggg [G(x;8) =1—G(x; )], Such that G(x; &) is a parent (baseline) cumulative
distribution function depends on a parameter vector &, we define the cumulative distribution function family by:

G(x:8)

Ha+1l
Fyg_c(x;a,A,8) = J-G(x'f) o A e_’lu(l - e‘“)‘u) du
0
1 _A6(x;8) _aA(+1)G6(x;€)
=— (a+1)(1—e GOC:S)) +e Gxd -1
a
1 _A6&9) _ aAG(x;§)
Fyp_c(x;a,1,8) =1 —_e &9 (a +1-e 6&D ) ..(10)
The family pdf is given by:
OFwe_¢(x;a,A,§)
fwe—c(x;a,4,8) = ULl Gax
Ma+1)g(x;§) 2660 _aA6(x:d)
g Aé) =———F——— G [1 — G(;8) 11
fwe—c (6@, 4,§) PRI e e (11)

Then, a random variable X with pdf as in equation (11)is denote by X~WE — G(a, 4,§)

The reliability and hazard functions of WE — G family at time (t), respectively, are given by:
_A6EH _aAG(:9)
Rye-¢(t;a,4,8) = ie G (a +1—¢ G@D )

_ a6 (e
AMa+1)g(t;:¢) <1 —e G&D )
hwe-c(&;a,A,§) =

_aﬂG(t;f)
[G(t; ©)]? <a floe G@D )

In the other side, in order to obtain some mathematical properties of the WE — G distribution, we have to
mention that the pdf of WE — G in equation (11) can be expressed as an infinite linear combination of G distribution
where the mathematical properties can be obtained directly from those properties. By using the power series for the
exponential function, we get:

_A6(H) © (=1 (G(x; )\
@ — =
e ¢ Zkzo k! (G(X:s‘)) (12)
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O e (~DFak A (6 )"
PR _Zk=o — <G(x;€)> (13
Inserting (12), (13) in (11), we get:

(a+ 1)g(x &) Z (= 1)k A+ G (x; §)* (
WE— ; 111 +2
f G(x a E) k=0 kl(G_(x’ f))k

oo (—1)kak/1k G(x; )"
_Zkzo - <G(x; g)) ) .. (14)
Then, by using the generalization of Binomial theorem, we get:
= ok N0® k) o
(Cx:8) = zj:o m(c(x, ) ..(15)
(k+2) © I'(k+j+2) N
(G( f)) zj:o ]Il_,(k—_l_z)(G(X,f)) ..(16)

Inserting (15), (16) in (14), we get:

_ (@+Dg(x; ) (“DF A T+ +2) ks
fwe-c(x;a,4,8) = —zk] 0 KUk + 2) (G( f)) <

©  (=D*a*A* Ik +)) RN
_ij=o k! j1 (k) (6 9) ) ~(17)
Let: '
= (60(6:)"" ..(18)
DT+ +2)
Wi = TRl Tk + 2) - (19)
=Dk Ak + )
Inserting (18), (19) and (20) in (17), we get:
(@+1)g(x;$) ®
fWE—G(X;a,A,E) —zk] OWk,j hk,j <1 _Zk_jzomk'j hk,j) (21)

In the following subsections, we give two examples of the WE — G family of distributions call the weighted
exponential - uniform distribution and the weighted exponential - Kumaraswamy distribution.

Weighted Exponential - Uniform Distribution
Consider the parent distribution is Uniform distribution with density and cumulative distribution functions,
respectively, given by (Bourguignon et al., 2014):

9u(x;0) = 0<x <0 <w . (22)

Gy(x;0) =

|><Q:|>—\

0<x <0 < ..(23)
G _ G(x0) _ GO  x

G Gl 1-G(x0) 6-x’
distribution called Weighted Exponential - Uniform (WE — U)distribution with three parameters can be obtained as:

1 _Ax _AMa+)x
Fyp-y(t;@,1,0) = E[(a +1) (1 p e—x) be o — 1]

Now, dependlng on equation (10), the cumulative distribution function of a new

1 _Ax _AMa+Dx
=1—Ee 9—X(cx+1—e 6—x ) - (24)
and the corresponding pdf will be:
Aa+1)0 _ Ax _akx
fwe-v (6 a,A,0) = m e 0—x <1 —e 9—X> 0<x<fB <o ..(25)

Where a > 0 is the shape parameter and A, 6 > 0 are the scale parameters and according to equation (21), the pdf can be
expressed as:

a+1 o (—1)Kkak+t F(k+]+2) k+1 (—DXoMAK T(K + ) /3y K+
fp_u (% 0, A, 0) = Z Z (6)

K ! T(k + 2) e K Tk
k,j=0

the estimates of reliability and hazard functions of WE — U distribution at time (t), respectively, are given by:
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1 _ At _Aat+D)t
Ryep_y(t;a,4,0) = 2° o-t (a +1—e¢ " 6-t ) ..(26)
_aat
AMa+1)0 (1 —e 9—t)
hWE—U(t; a,ﬂ,, g) = ...(27)

_Ae+1)t
(6—t)2<a+1—e 6-t >

Now, to estimate the three unknown parameters a, 1, 8 by maximum likelihood estimation method, consider that
x = (x1,%,, X3, ...,%,) be arandom sample of the WE — U distribution defined by (25). The likelihood and natural-log
likelihood functions for the given sample observations are defined, respectively, by:

n
A ((Z + 1)n om —Axn X _alx;
- i=1

twp_y =InL(a,4,0]x) =nlnd+nin(@+1) +nlnd —nina -2, In(6 —x) — AT al +Z?zlln(1—

i=1 9—Xi

_ arx;
e 9"‘1’) ..(29)

The maximum likelihood estimates (MLESs) of the above three parameters are the solution of the first partial
derivatives of #,,5_y equation (29), with respect to that parameters. Since there are no closed forms of the solutions,
iterative approximation techniques such as, Newton—Raphson iterative technique can be used to obtain the MLEs. In
Newton-Raphson method, the solution of the likelihood equation, at iteration (h + 1) is obtained through the following
iterative process,

(h)
Sa(AHD) o (h) Yyr-u
@ a 9twE-U
1 =1 -I& oA ;h=012, ..
~ ~ 9twE-U
0 7] a0
Where,
0% twg-y 0*twe_u 0*twg-u "
da? da 02 da 06
*twe-y *we-u 0*twe-u | ) ) ) )
Jny = | 940a a2 0100 | is a Jacobean matrix at iteration (h)
*twe-y *we-u 0*twe-u
[ 00 0 06 04 262 J

n ;
(%’WE_U n n 0 — x;
__ ey _E-I—Azl—lﬁxi

Ja a+1 _
i=1 1—¢e 0-x
¥ alx;
n n i T 0—x;
a‘EWE_U_E_Z xl +azg_xle X
0L A Lo -—x , _adx;
i=1 i=1 1—e 0%
Axi
n n n ﬂ e_g—fc
0lwg_y n Z 2 N ’12 X Z (6 — x;)?
— — — 232 arx;
06 0 £ 0 —x; £ 0 —x;) PR
Ax;
n X \? g—xi
0“lywe—_u n n _AZZ(G xl) e
da? a?  (a+1)? ' _adx\?
i=1 <1 e 6—x1>
alx
n Xi 2 G—xll
0% lyg_y _g_azz(e —xl) €
a2 , _aax;\ 2
=1 (1 —e 9—xi>
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alx _alx; alx alx;

__ 2, 0-x; i 2le 0% —1
0*twi_y __n + i : [1 Ax; ] i (6 —x;)° ¢ [9 — X i (e )]
902 62 £ (0 — x;)? 0—x;] &
=

_adx; 2
=1 <1 —e B—xi)

0%ty y _ 0% tywp_y _ i 0—x
da 01 01 0a _adx\?
xS a6
0%ypy 0% we_y e o [9 —x; 17te ]

ln 6 —x;
dadd  900a Z

02lwsy  0%lypy i X, “i (6 - x,)?
0100 0001 < 1(e—xi)2
i=

_alx; 2
i=1 <1 —e 9—xi)

When the convergence occurs between iteration (h + 1) and (h) , i.e. the absolute difference between two
successive iterations is less than pre-specified error tolerance, € > 0, then the current @@+, A(h+D gnd
6"+ represent the MLEs of @, 2 and 6 via NR algorithm which we refer to as, @y , Ay, and 8,;.

Then, according to an invariant property of the ML estimator, the reliability and hazard functions at mission
time (t) of the WE — U distribution can be obtained, respectively, by replacing a,4 and 6 in equations (26) and
(27) by their ML estimates as:

Amr t _ lML(ﬁMLH)t)

ﬁ{/leé—U(t' a, /L 9) =x—€ OmL—t (aML + 1-— e OmL—t
ML

R R _amL AmL t
Amp@uy + DOy | 1—e Ot

PML . =
hwe_v(t; @, 4,0) _ w>

(O — t)z <&ML +1-e OmL-t

Weighted Exponential - Kumaraswamy Distribution
Consider the parent distribution is Kumaraswamy distribution with density and cumulative distribution
functions, respectively, given by [15]:
gi(x;a,b) = abx® (1 — x¥)b-1 ;0<x<1l:a,b>0 ..(30)
Gr(x;a,b) =1— (1 —x%)P s 0<x<1l:ab>0 ..(3D)

G(x;§) _ Glsab) _ Glsab) _ . g\-b . T
Tt Gman — 1oeman) 1-x% 1, the cumulative distribution

function of a new distribution called Weighted Exponential - Kumaraswamy (WE — K)distribution with four parameters
can be obtained as:

Fyg_x(x;a,2,a,b) =1 — %e"l [(1-x®0-1] (a +1- e'a(““)[(l"‘a)_b‘l]) ..(32)
and the corresponding pdf will be:

Ala + Da bx*?
fwe-k(;a,4,a,b) = Tl — oy

Now, depending on equation (10),

e A=) (1 = pmela=T]) - (33)

where 0 < x <1, 1 >0 is the scale parameter and «,a,b > 0 are the shape parameters and according to equation
(21), the pdf can be expressed as:
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fWE_K(X; Qa, 7\, a, b)

a+1 2 (— DK Tk 4+ 2)

— b a—-1 1— ayb-1
G L KTk+2)
)=

(1- (@ —x3p)

o (—D*akA T(k + ) gk
B 7 TR

The reliability and hazard functions of WE — K distribution, respectively, are given by:
Ruwe_x(t;a,A,a,b) = e~ A-t%" *-1] (a +1— e MatD]a-tH" b‘l]) ..(34)

A(a + Da bttt (1 - e"l"‘[(l‘ta)_b‘l])

hWE—K(t; a, A a, b) = (1 _ ta)b+1(a T1_ e—l(a+1)[(1—ta)_b—1])

..(35)

Now, the MLEs of a, 1, a, b are the solutions of the first partial derivatives of the natural-log likelihood function
PwE_x With respect to those parameters where the likelihood and natural-log likelihood functions for equation (33) are
defined, respectively, by:

AMa+ DM I 6 yn oy b-ﬂn
anH 1(1 — x; a)b+1
— e—aM[a-x»P —1]) .. (36)

L(a,/l, a,blg) =

we-x = lnL(a,/l,a,blg) =nnl+nln(ec+1)+nlma+ninb+@-1)Y L, Inx; —nlna — (b +
DYL In(1—x) - 230 - )" —1] +
111:1 In (1 _ e—aA[(1—xi"—)'b—1]) (37)

Now, since there are no closed forms of the solutions, Newton—Raphson iterative technique, can be used to
obtain the MLEs as,

®
510+ D 51® —”Vgg-K
i i ek
— -1 . —
: =z —Ja ooy | h=0,12,..
E B a flgc;—l(
b
Where,
_ _(h
% twex *twpx 0 lwpx 0 bwp k|
da? da 02 da da da db
azfWE—K aZ{JWE—K az‘£WE—I( az‘£WE—I(
Jon = | 940 EYE 91 da 92 ob
W 71020y 5 0% wp_k 0fwr-x 0*lwr_x
da da da 01 da? da db
62fWE—K azfWE—K OZ[WE—K OZ[WE—K
L 9D 0a ab 01 ab da ab?

1] e~ 0=)""~1]

0twe_k __n _n il[(l -x)™ -~
oa a+l a &L 1— e—a/l[(1—x;‘)_b—1]
"
n a[(1— xi“)_b —1] e—al[(l—xi) —1]
— 1] + Z e—al[(l—xlg)_b—l]

n

0 n
Otwg-k Z Z(l_x

i=1 i=1 1-—
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n n n

0y g n x Inx;

TwEk Ty Z Inx; + (b — 1)2 L Zam — x®)~B+D) xa
i=1 i= t i=1

ar-b
C aab(1 — x®) O x& Inx; e~aHa=x) " 1]
+ Z -

= 1 _ —aﬂ[(l—xq) b—l]

a—b
0lywg-x _n a a—b a ar(l — xlgl)—b In(1— xlg) e—al[(l—xi) -1
K Z In(1 - x&) + Z Ab(1 = x8)7 In(1 — x&) — Z e

0%y g _n n Z (2@ =xHP - 1))2 —ad(1-xf) 1] I e_“’l[(l—xf‘)_b‘l] ] N 1\
1

da? a2 (a+1)? £ 1 - o-@|a-2®) 1] [

Dy m i @?[(1—x) —1]2e (M[(l x®)” —1] - e—aﬂ[(l—x?)‘b_l] ‘
022 2 — a/l[(l xa) ] 1— e‘“/l[(l_xia)_b_l]
n n
P 0- ) fi":;* [1 ] = 2 A= 2 |
i=1 L L i=1 :
n @2 R2b2(1 — x3) 20D (38 n x,)? e—aa[(1—xl41)—b_1] e'“’l[(l"‘f)_b-l]
B ; 1 — o) 1+ 1 — a1 "]

n aA(1 — xlg)—(b+1) x2 (In xi)Z e‘al[(1_xl{1)_b_1] h+1
+ Z [ + 1]

= 1— g-eda-x0) "] 1—xf
0% typ_ n
S - = Y A =) (1~ 2P

i=1

¥ Z @A =) fin1 = xpp e 00"A [
= 1— emaa=f)""1]

e—al[(l—x{‘)_b—q

—ad(1-x)| 1+

1— e —(M[(l—xlf")_b—l]

0% twp_x _ 0*lwp - [(1 - x)P —1] e—aa[(1—x{1)_b-1] - b e'“’l[(l_xlg)_b'l
= = Z — 1—ad[(1—x)?—1][ 1+ -
dadd 910a a7 el
0% bwp_x _ 0% yp_x _
dada  dada . L
" abx® In x; (1 — x8)~@+D g~ (a-x)"-1] . o~ aA|(1=x{) " -1]
z = 1—al[(1—x)""—-1] ——+1
— 1 - e~a|(1=xP) -] 1— oA "]
0*bwe—k _ 0% yp_x
dadb ~  0bda . .
"2 = x8)P In(1 — x%)b e~ 1] p-eA[(1-x) -1
= Z - aA((1 —x®)™ — 1) -
~ 1 — (=)™ 1] 1 - gl "=
-1
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azfWE—K 62£WE—K
9Ada  dadA .
Zn: ab(1 — x)~®*D x& In x; e~ eG-x0)"1]

P 1— e—al[(l—xg)_b—l]

1

—al[(l x®)” —1]

—ad(1—xHP -1 1+ \ Z(bx In x;

1— e—al[(l—xi 1- x“)b’fl

0% byp_x _ 0% ywp_x

0A0b — 0bOA
_ In(1—x{)
B L 1 —=xMP
} ay~b a\—b
nq(l — x8)PIn(1 — x%) e~ " -1] . o~ (1-xf) 1]
+ Z — aAd(l—xM)"" -1 1+ —
i=1 1— e—aa[(1-xf) -1] 1— e'“’l[(l'x?) -1
-1
0*bwe—k _ 0% yp_x
dbda dadb " "
X nx Z Axfln x;[b In(1 — xf) — 1]
L 1—x@ (1 — xf)b+1
i a?22b (1 — x)720+D x4 In x, In(1 — xf) e_“’l[(l_xlg)_b_l] e““’l[(l_xia)_b_l]
l l —— 1+ -
i=1 1-— e_a}“[(l_xlg) b_l] 1— e“”[(l—x?) b—l]

n a/l(l _ x_a)_(b+1)x_a In X; e—al[(l_x?)—b_l]
+ Z : : [1 - bin(1 — x®)]

b 1— e-aa[(l-xg)‘b-l]

When the convergence occurs between iteration (h + 1) and (h) , i.e. the absolute difference between two
successive iterations is less than pre-specified error tolerance, £ > 0, then the current @+, i+ gh+1) gpq
b™"+1 represent the MLESs of &, A, a and b via NR algorithm which we refer to as, @y, Ay , py. and byy.

Then, according to an invariant property of the ML estimator, the estimates of reliability and hazard functions at
mission time (t) can be obtained, respectively, by replacing a,4,a and b in equations (34) and (35) by their ML
estimates.

Concluding Remarks

Based on the idea of Bourguignon et al., a new family to weighted exponential distribution named weighted
exponential — G family of distributions has been presented. We concluded that the probability density function of
weighted exponential — G family can be expressed as an infinite linear combination of G distribution. Further, two
examples of weighted exponential — G family of distributions "weighted exponential - uniform distribution and weighted
exponential - Kumaraswamy distribution” are discussed along with the maximum likelihood estimation of their
parameters.
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