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Abstract

The deflection of thin orthotropic rectangular plate under moving loads is a classic problem in solid mechanics. However,
the equations are challenging to solve due to their non linearity and complexity. At the same time, this equation is a coupled
fourth order partial differential equation having variables and singular coefficients. In this research article, the partial
differential equation is converted to a set of coupled second order ordinary differential equations by using a special
technique adopted by Shadnam et al., [19]. This transformed set of second order ordinary differential equations is then
reduced using modified asymptotic method of Struble and Laplce transformation. The closed form solution is evaluated,
resonance conditions are obtained and the results are showed in plotted curves to solve the variations in amplitudes for
some varying orthotropic plate parameters with elastically supported ends under moving loads for both cases of moving
distributed force and moving distributed mass.
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1 INTRODUCTION

In the context of structural engineering and
applied mechanics, an orthotropic rectangular plate
simply means a plate that has different material
properties in different directions. This means that the
stiffness and strength of the plate can vary depending on
the direction of the load. When a moving load is applied
to an orthotropic rectangular plate, the plate’s response
can vary in terms of amplitude. The plate’s deflection,
stress, or strain can change as the load moves across the
plate. The amplitude variation is caused by factors such
as the magnitude and speed of the moving load, the
material properties of the plate, and the boundary
conditions of the plate. In order to analyze the amplitude
variation, engineers often use mathematical models and
numerical methods to calculate the plate’s response at
different points and time intervals as the load traverses.
These analyses help in understanding how the plate
behaves under the moving load and determine any
potential areas of concern such as high stress
concentrations or excessive deflections. As we all know
an orthotropic rectangular plate has three mutually
perpendicular axes: x, y and z. The x and y axes are
usually aligned with the length and width of the plate,

while the z axis represents the thickness. The material
properties, such as stiffness and strength can vary along
each of these axes. For instance, a plate may have
different elastic moduli (Young’s moduli) in the x, y and
z directions, indicating different levels of stiffness and in
the same vein, a plate may have different shear moduli
and Poisson’s ratios for each, representing different
resistance to shear and lateral deformation, respectively.
When an orthotropic rectangular structure is elastically
supported on a constant elastic foundation, its dynamic
response is significantly affected by flexural rigidity of
the structure. The dynamic response refers to the
behavior of the structure when subjected to dynamic
loads or vibrations. The flexural rigidity of the structure
determines the stiffness of the structure in resisting
bending deformations. A higher flexural rigidity implies
greater resistance to bending, resulting in a stiffer
structure. Conversely, a lower flexural rigidity allows for
more bending and deformations in the structure. The
dynamic response of the structure is disturbed by the
flexural rigidity in several ways. Firstly, a higher flexural
rigidity results to a higher natural frequency of the
structure. The term “natural frequency” is the frequency
at which the structure vibrates without any external
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forces.

Many researchers in the fields of engineering,
applied mathematics and mechanics have worked
restlessly on plate models. Some of these researchers
include: Cheung and Zinkiewicz [1], studied the
problems of slabs and tanks (either isotropic or
orthotropic) resting either on a semi-infinite elastic
continuum or on individual springs (of the so-called
Winkler’s type) and solved the problems by the finite
element method. Re-entrant corners, rigid walls on the
slabs, concentrated moments due to bending of columns,
etc., involved little computational difficulty in the
method presented. Ghosh [2], studied large deflection of
a rectangular plate resting on a Pasternak-type elastic
foundation. The problem of large deflection of a
rectangular plate resting on a Pasternak-type foundation
and subjected to a uniform lateral load was being
investigated by utilizing the linearized equation of plates
due to H. M. Berger. The solutions derived and based on
the effect of the two base parameters have been carried
to practical conclusions by presenting graphs for bending
moments and shear forces for a square plate with all
edges simply supported.

George Z. Voyiadjis et al., [3], studied thick rectangular
plates on an elastic foundation.

Roknuzzama et al., [4], worked on a rectangular
thin plate with eccentric opening using application of
finite difference method to analyze it. In their work, a
rectangular steel plate subjected to uniformly distributed
loading with all around simply supported edges having
an eccentric rectangular opening was analyzed using the
finite difference method, a straightforward numerical
approach. Sobamowo et al., [5], presented analytical
solution of isotropic rectangular plates resting on
Winkler and Pasternak foundations using Laplace
transform and variation of iteration method. The
dynamic analysis of isotropic thin rectangular plate
resting on two-parameter elastic foundations was
investigated by applying method of Laplace transform
and variation of iteration method. Ibearugbulem et al.,
[6], worked on plastic buckling analysis of thin
rectangular plate under uniform in-plane compression in
the longitudinal direction. They applied Taylor’s series
to approximate the displacement for rectangular plate
clamped at all edges. Ezeh et al., [7], applied Galerkin’s
indirect variation method in analysing elastic stability of
thin rectangular plate clamped at all edges. Imrak and
Gerdemeli [8], presented an exact solution for thin

D W(x y,t)+ 2y

xa4

Za 2W(x y,t)+Dy(7 =

—19hR0[ W(x y,t) t 5o
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rectangular plate. Chaurasia and Jagdish [9], calculated
the large deflection and bending stresses for clamped
circular plate under non-uniform load using Berge’s
approximate method. Silveira and Albuquerque [10],
applied boundary element method to obtain the large
deflection of composite laminate thin square plates
clamped on the four edges. Osadebe and Aginan [11],
develped Ritz mathematical and variational method and
used it in the analysis of uniformly loaded clamped
isotropic rectangular plate.

Werfalli and Karoud [12], researched on a free
vibration analysis of rectangular plates using Galerkin
based finite element method. Mama [13], investigated
and even proposed a solution of free harmonic equation
of simply supported plates using Galerkin-Vlasov
method. Hatiegan and et al., [14], examined thin clamped
plates of different geometric forms using finite element
method. Benamar and et al., [15], examined the effects
of large vibration amplitudes on the mode shapes and
natural frequencies of thin isotropic plates. Alfano and
Pagnotta [16], carried out a suitable approximate
relationships, relating the resonance frequencies to the
elastic constants of isotropic thin plates. Awodola and
Adeoye [17], investigated the vibration of orthotropic
rectangular plates on variable elastic Pasternak
foundation with clamped end conditions. Adeoye and
Awodola [118], studied the dynamic behaviour of
moving distributed masses of orthotropic rectangular
plate with clamped-clamped boundary conditions on
constant elastic foundation.

In all the aforementioned researches, no works
explicitly discussed the amplitude variation of of
orthotropic rectangular plate with elastically supported
ends under moving loads. In this research article, the
variation in amplitudes when some varying plate
parameters for orthotropic rectangular plate with
elastically supported ends under moving loads are
considered will be discussed explicitly.

2 Governing Equation

The transverse displacement W (x,y,t) of
orthotropic rectangular plates that lies on a bi-parametric
elastic foundation and traversed by distributed
mass M; traversing with constant velocity s; along a
straight line parallel to the x-axis issuing from pointy =
p on the y-axis with flexural rigidities D, and D, is
governed by the fourth order partial differential equation
given as

W(x,y,t) +‘r W(x y,t)

52
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where D, and D, are the flexural rigidities of the plate along x and y axes respectively.

g, h3 D = g, h3 B=DD +Goh3
12(1-68,8,)" 7 12(1—-8,8,)" 77 6

D_

E, and E,, are the Young’s moduli along x and y axes respectively, G, is the rigidity modulus, &, and §,, are
Poisson’s ratios for the material such that £,6, =€, 8, , 9 is the mass density per unit volume of the plate, h is the plate
thickness, t is the time, x and y are the spatial coordinates in x and y directions respectively, R, is the rotatory inertia
correction factor, K,, is the foundation constant and g is the acceleration due to gravity, H(.) is the Heaviside function.

Re-expressing equation (2), one obtains
62
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Which can be expressed further as
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Where B2 is the natural frequencies, k = 1,2,3,...
The initial conditions, without any loss of generality, is taken as

W(x,y,t)=0= %W(x,y, t) 4

3 Analytical Approximate Solution

To obtain an expression for the solution of equation (4), one applies technique of Shadnam et al., [11], which
requires that the deflection of the plates be in series form as

W(X, B2 t) = {“Vzl er(xly)p‘r(t) (5)

Where 6,.(x,y) = 06,.(x)8,.(y) and

0.(x) = sinﬁx + Arcosﬁx + Brsinhﬁx + Crcoshﬁx
Lx Lx Lx L

X

0:(y) = sm—y+A cos—y+B sinh yry+ Crcoshz—ry (6)
Ly y
The right hand side of equation (4) when written in series form takes the form
oo o*
Zr:l [axzatz W(x y't) +——= zatz W(X Y, t)] ﬂ Fayz (X y't) - W(X y't)
Dy

—Ta—iW(x yt+ [Bk——]W(x y.6) +2 . [ W(x y,t) + W(x y,t)] +

U]

T

W(Cx,y, O)H(x — siH)H — p)W (x,y, )] = XLy 0:(x, y)ar(t)

I “"H(x—st)H(y cp)——(atzW(x y,f:)+251a — W(x y,0) + 52—
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Multiplying both sides of equation (8) by 64(x, ), integrating on area A of the plate and considering the orthogonality of
05(x, y), one gets

1 g
ar(t) = _Zr—l f [R0(6x26t2 W(x Y t) + ZatZ W(x s t)) - Taxzay

W,y t) —

W(x y't) W(x,y,t+(8r——)W(x,y,t)+— _W(x y't)

T 6x4

®)

W(x y,t))+2 1[ M9~ s OH( = p) =L (W y, ) + 252

W(x y,t) +sf Py ZW(x Y, O)Hx —sit)Hy — p)W (x,y,t)]108:(x, y)dA
and zerowhenr # s

where
e = [, 6%(x,y)dA 9)

Making use of equation (6), equation (8), taking into account equation (4), can be written as

r 9%0 0%0 :
0,6, )9 + Bois (0] = y)Zf[Ro( K y)e s(x, y)uk(t)+%

2y 0%6 0 D
0,1 i) = L 0,3y (0) - #e () — 2

%0y (x,
—5y(—4 2 0, yMC0) + (B~ 290100505 @) + 2 T g

M,
e (8) + ;(2 Do, 6, y)m0) +Z 20,06 HEx = SOH( = p) == (86, )

q(XY)

05 (x, ¥)iix (£) + 2s; 8,(5, (D) + 52 T80 9. (x, ) () H (x — 5i8)

H(y — p))]dA (10)

When equation (10) is simplified further, one obtains
. %0 ( x,¥) 926 (x, ) ,
fir (8) + B2(D) = Z f [Ro(—5,2 056 Mit(®) + =55 052 Mit()

2y 020, (x, D,
_Ty axkz(;yy)e (. yIme(t) — T %9 (I (t) — y%@ (x,y)

G, 0“6 29 :
§q(® + (ih ——)Ok(x )05 (%, Y) e (t) + _O(Me () (6) + ;(’25 y)

05 (0, (D) + 2 (—9 (6 YH(x = sit)H(y — p) ——(Gk(x ¥)0s(x,y)
fuc(6) + 25 2220, (x, )i (0) + 52 26, (x, y)n (OIH (x = siHH (Y = p))]dA (1)

The system of equations in equation (11) is a set of coupled ordinary differential equations
Making use of Fourier series representation, the Heaviside functions take the form

1 1 in(2r+1 —sit)
H(x—sit) = 1+ 230, SREEDREA0 g < x < (12)

Hy —p) =+ 23, SO 0 <y <1 (13)

2r+1

Substituting equations (12) and (13) into equation (11) and simplifying, one obtains
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. 1 woo . 2 Dy D
i () + BEue(t) — ;Zk=1 [Ro&oiix(t) — Tvgillk(t) - _Szuk(t) - _ygsllk(t) +

Ko G Mj T 2b+1)7s;
(BF = “Dzae(®) + L esiue(©) = By T (oo + = (T, 7y =
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R
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Which is the transformed equation that governs the problem of an orthotropic rectangular plate resting on constant bi-
parametric elastic foundation.

Where
=J, [a zek(x ¥)0s(x,y) + ek(x ¥)0s(x,y)]dA (15)
&=/, @[ﬁ Bk (x, y)]GS(x, y)dA (16)
& = J, 2 [0(x,)105(x, y)dA (17)
&5 = J, 2oz [0k, )]0 (x, ¥)dA (18)
&= J, ek(x ¥)0s(x, }’)dA (19)
&=/, [a zek(x ) + 52 906, ¥)105 (x, y)dA (20)
€6 = 16f 8q(%, )b (x Y)dA (21)
73 = [, Ok (x,¥)05(x, y)sin(2b + 1)mwxdA (22)
75 = [, Ok(x,%)05(x, y)cos(2b + 1)mxdA (23)
T3 = f 0k (x,1)05(x, y)sin(2f + 1)mydA (24)
73 = [, 0k(x,%)05(x, y)cos(2f + 1)mydA (25)
T§ =T1,Te = T3 T7 = T3,Tg =4 (26)

= = [, 0k(x,)0,(x, y)dA (27)
r.; =/, i(ek(x )8, (x, y)sin(2b + 1)wxdA (28)
Tio fA % (B (x, ¥))05(x, y)cos(2b + 1)mxdA(29)
1 = J, a(ek(x, ¥))0s(x, y)sin(2f + 1)mydA (30)
Tl = [, 3=64(,)8m (%, y)cos(2f + 1)mydA (31)
i3 :1'[;’77%2: Ti0, Tis = T11, T1e = T12 (32)
£ = = [, 25 (81,(x,)85(x, y)dA (33)
77, = J, %(ek(x, ¥))6s(x, y)sin(2b + 1)mxdA(34)
Tis = J, 5 (B1(x,%))85(x, ¥)cos(2b + 1)mxd A(35)
Tio = [, Ok(x,¥)05(x, y)sin(2f + 1)wydA (36)
To = J, 25 (Bt ))0s(x, Y)cos(2f + DmydA (37

* % * % * % * %
To1 = T17T22 = T18,T23 = T19, T4 = T0 (38)
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05 (x, ¥) is assumed to be the products of functions 64(x)0.s(y) which are the beam functions in the directions of x and y
axes respectively. That is
Bs(x,¥) = 65(x)0cs(¥) (39)
where
B5(x) = sindgx + Ascosdgx + BgsinhAgx + CscoshAgx
0cs(¥) = sindegy + AescosAesy + BssinhAcgy + Coscosha gy (40)

where A, B, C, Acs, Bes and C are constants determined by the boundary conditions while 65 and 6.4 are called the mode
frequencies

where
A= 0e= 52 (41)

Ly

Considering a unit mass, equation (19) can be re-expressed as
. 1 woo . 2 Dy D
(@) + BEpe(t) — ;Zk=1 [Roolik () — %51 llk(t) - _Szllk(t) - _y53 i (8)

2 K G, cos(2b+1)msjt
+(BE — e me(0) + L s (t) — a0 (e + = (Ti, 7 22U
* sin(2b+1)msit * cos(2f+1)mp * sin(2f+1)mp i 0 "
Xp=1 T 2b+1 )&y T 2f+1 X T 2f+1 )+ an Q=1 75
cos(2b+1)1rsl _ * 51n(2b+1)7rsl 1 * cos(2f+1)1rcp © *
2b+1 Xb=1 T b )T (Zf‘ Y SR

SO i (£) + 25187 + 75 (Tivy 5 “Eop o = B 7 SO
- cos(2f+1)mp « sin(2f+1)mp 1 * cos(2b+1)msjt
)z(bz fll* —“’bf)) Zf_(z:f LT *ch—?sfffj)j)”” if 11 : S‘“(jffjgj’”)) «(t)
52 (eg + = (T 71, SEUIE _ g | pr SMEUIG (30 1,
cos(2f+1)mp sin(2f+1)mp 1 cos(2b+1)msjt _
7(2'2,’ >) ?_— (Z*f . T Z*H—z““jifj?"” (Z;fi ** S‘“(ziﬁ)”“’)) kz(ﬁ;’;]rﬁz “

=¥, %‘Zes(sit)es(p)

equation (43) is the fundamental equation of the rectangular plate problem. where

a= %,0 = LyL,, (43)
05 (s;t) = sing(t) + Ascosg(t) + Bgsinhgpg(t) + C,coshg(t)  (44)
0s(p) = sinig + Agcosts + Bgsinhig + Cgcoshig (45)
¢ =t =10 (46)

3.1 Orthotropic Rectangular Plate Traversed by a Moving Force

In moving force problem in mechanics, the motion of the structure or body is being influenced by an external
force that is continuously changing or moving. This force which is represented by the moving load is assumed being only
transferred to the structure. In this case, the inertia effect is negligible. Setting a = 0 in the fundamental equation (42), one
obtains.

1 .

P'r 84 (t) - ; [TROEOHr(t) - 2ﬁ£1Ur(t) - DxEZP'r(t) - Dy€3ur(t) -
K054Ur(t) + GOSS ur(t) + El?:l,k::r (HROSOﬂk(t) - 2Y51P~k(t) - ngz uk(t) - Dy€3p-k(t) (47)

+(TBf — Koea) i (t) + Goeshu(t))] = % 05(s:t)05(p)
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which is further be simplified as
ur(t) + Q%ur(t) - Ol’[TROSO.ur(t) - Zﬁfﬂlr(f) - ngzp-r(t) - Dy£3”r(t) - K0£4p-r(t)
+Goeshe(t) + Xierker (TRoE MK () — 2YE1 Ui (t) — Dy i (t) — Dyezpy(t) + (TB% — (48)
Koea) e (t) + Goes i (t)) = wMgbs(s;t)85(p)

E.

1
IBF 0 =

2 - (1—
where Q¢ = (1 - =

*

Expanding and re-arranging equation (48), one gets
[1 — wTRo&]iir(t) + (A — weg) e (t) — W D=1 kzr (TRo& k() — 2vE i (E) — Dy,

(49)
Wi (£) — Dyespuc(t) + (B — Koga) i (8) + Goeshu(t)) = wMgbs(sit)8s(p)
Simplifying further, one obtains
. QE-wJe) ® . . _ _
() + oot (O + o Zieker (TRo€olk () — Zyeaiuc(t) — Dxe, (50)
w
() = Dyespac () + (tBE = Kog)ic(8) + Gogsiic(£)) = o= Mg, (5:1)05(p)
where
€ = _Zﬁgl - ngz - Dy€3 - K0€4 + G0€5 (51)

For any arbitrary ratio w, defined as
w* = -, one obtains
1+w

*

@ *+o(w)+
w = =w o(w
1—-w*

For only o(w*), one obtains
w=w"

On application of binomial expansion,
1 % *
T‘EROEOI 1+w TROO'O +O((1) 2)+ (52)
On putting equation (52) into equation (50), one obtains
(1) + (92 — w*eg) (1 + W URyEQ + 0(w* D) +.. ) (b)) + 0* (1 + w*TRyE + 0(w*?)
+...) Xkt ker (TRoEolik(t) — 2ve Uk (t) — Dy&apy () — Dyespe(t) + (B} — Ko£s) (53)
e (8) + Gogshuc (1)) = 0" Mg(1 + 0 TR0, + 0(w*?)+...)85(s:t)8s(p)

Retaining only o (¥*), equation (54) becomes
fir () + [QF(1 + 0 TR(0p) — W €] Hr(t) + 0" Xy iwr (TRo&okK(t) — 2vE1 i (t) — D&,

. (54)
Wi (£) — Dyespue(t) + (B} — Koga) i (8) + Goeséy (1)) = "M gy (sit)0s(p)
which is simplified further as
ie(t) + [Q2(1 + w*TRy00) — W €g] e () + 0" YRy 1oy [TRoEi(E) — [2YE4 (55)

— Dy, — Dyes — (B — Koea) + Gogs]uc()] = 0" Mgbs(s;t)0s(p)

Using Struble’s technique, one obtains
QZ—
Q= Qp — (_67) (56)

20y

Represents the modified frequency for moving force problem.
where
€, = [Q2(1 + 0 TRyEy) — Weg] (57)

Using equation (58), the homogeneous part of equation (55) can be written as
i () + Q%rur(t) =0 (58)
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Hence, the entire equation (56) gives
i (t) + erur(t) = w"Mg0(s;t)6s(p) (59)

On solving equation (59) one obtains

Mg 05 . .
ue(t) = #—&2) [(¢52 + Qﬂz’r)(d)sSanrrt — Q. singgt) — Aser(d)s? + ngr)

(COS(]_')St - COSert) - Bs(d)s2 - Q%r) (¢sSinert - erSinh¢st) + Cser(qf)s2 (60)
—02%)(coshgt — cosQ,t)]
Making use of equation (5) one obtains
oo [oe] M *SS . .
W(x,y,t) = Zs:l is=1 Ilr:]:;T—!(lg‘:) [(¢52 + 'Qﬂz”r) (¢sSinQppt — Qppsingst) — AsQyr
(¢52 + ‘Q‘I%]") (COS(pst - COSert) - Bs(¢52 - le”r) (¢sSin~ert - erSinh(pst) + Cser (61)

(2 — Q2)(coshepst — cosert)](sinﬁx + A cosc—sx + B sinhc—sx +

Cscosh > Ss x) (sm y + Ajscos > s y + Bjssinh {'sy + Cjscosh = Gis y)

Which stands for the transverse displacement response to a moving force problem of orthotropic rectangular plate.

3.2 Orthtropic Rectangular Plate Traversed by a Moving Mass

In moving mass problem, the system or body is subjected to an external force or forces as it moves. The behaviour
of the system is influenced by the interaction occurred between the applied forces and the system’s mass, which results in
various changes, effects and phenomena. That is to say, the weight and as well as inertia forces are transferred to the moving
load. That is the inertia effect is not negligible. That is, & # 0 and so it is expedient to solve the entire equation [42].

To solve this equation,one make use of an analytical approximate method. This method is known as an
approximate analytical method of Struble. The homogeneous part of equation [42], shall be replaced by a free system
operator defined by the modified frequency Q... Thus, the entire equation becomes.

; 5 1 . 2y D, D,
i () + Brue () — ;z [Ro&oiik(t) — T‘gluk(t) - & () — T53uk(t)
k=1

= (Z cos(Zb + Dms; t

+(Bz—ﬁs) (t)+@e (t) —ao((g +
(- 4) Uk T 5 Mk 6 2b+1

c ,sin(Zb + 1)ms;t - ,cos(2f + 1)mp c ,sin(2f+ 1)mp - .
e )

2b+1 2+ 1 T 5
b=1 f=1 b=1
cos(2b + 1)ms;t Z sm(Zb + Dms; t Z cos(2f+ 1)7T(p .

2b+1 LT SR T o2fv1 L
sin(2f+ Dmp__ . , cos(2b + Dyms;t c , sin(2b + 1)ms;t
2ir 1 DO+ 2Zsi(Er o (Z T2+l ; 0T ob+ 1

Z Cos(2f+ 1)1Tp - ., sin(2f+ 1)mp 1 i , cos(Z2b + Dms;t
X T2fw1 LT afd dmi Ly BT 2b+ 1 (62)
Z , sin(Zb + D)ms; t Z . cos(2f+ 1)1rp c , sin(2f+ Dymp__ . .

T ( Tarr1 LT zre1 @
b=1 f=1

* (2b+1)7s; * (2b+1)ms; o _x

+s:%(es + (Zb 1T % — b1 T %)(Zf:l T19

(2f+1) 2 SInCf+1) L2, Cos@binms; o
% Y1 T2 w) (Zb 1T % Yb=1 T22

sin(2b+1)msit * cos(2f+1)71:p * sin(2f+1)mp
T)+_(Zf_ 23y Afe1 T2a 5 DHk(D)]

w M
= Zk:1 T_ges(sit)es(p)
where 9* = Si
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On expanding and simplifying equation (62), one obtains
. ¥ *cos b+1)ms; *sm b+1)ms;
fir () + B2 (6) + a9 [ (g6 + =5 (B 74 X — e | oy SRERITAD)

2b+1 2b+1
* cos(2f+1)mp * sm(2f+1)np * cos(2b+1)ms; t
Qs T 2f+1 X T 2f+1 b (Zb 1T 2b+1
* sin(2b+1)msit. * cos(2f+1)np * sin(2f+1)mp
Xp=1 T 2b+1 ) _(Zf— 2f+1 X T 2f+1 )
.. 7 (2b+1) it - in(2b+1)ms;t
Diie (€) + 28187 + = Ty 73 T — | g TR
Z cos(2f+ 1)7Tp c ., sin(2f+ 1)7Tp Z X cos(2b + Dms;t
X - 1712 2f+1 ( T 2b+1
B Z . sm(2b + Dms; t Z cos(2f+ 1)7Tp c - sin(2f + 1)mp
T R o2+l o 2f+1
b=1 f=1
L (F) + 5.2 Z . cos(2b + Dms;t Z ., sin(2b + Dms;t
Din(®) +s2(es + (D tiy— = ) o)
i , cos(2f+ 1)mp - , sin(2f+ 1)7Tp Z cos(2b + Dms;t
N T £, 2r1 T T 2b+1
Z sin(2b + 1)ms; t Z cos(2f+ 1)7l'p - , sin(2f+ D)me
2b+1 et To2fv1 LT 2f+d

* 00 1 o (2b+1)msjt o) *
D)) + @ TRy jwr [(86 + = (86 + 75 (N, 71 T30 | o

sin(Zzli)-i_—'-ll)ns1 )(Zf_ *cos(zsz_:—ll)np Zf_ *sm(jg—i)np) 2b+sz T *cos(zzl;-:ll)nsl
— Ty 1o G 4 = (g o Uy g SR (6)
+2$i(€7 Z(Zb T *cos(zzt;:ll)nsl Zb T * sm(Zzt;-l_—'-ll)ns1 )(Zf_ * cos(:ff:—ll)np
_Zf_1 Iz sm(jg—i)np)_l__(zb T * cos(22tt>)-i_;-11)n'sl _Zb T - sm(Zzl;-:ll)nsl)
+ o (DR Tis I e, rfss“‘(ji%»u (©) +si2(es +
Z(Zb T * COS(Z;I:_?”SI _ ?:1 ;8 sin(22tl))+;11)1ts1 ) (Ef_ - cos(zszi-ll)np
© « sin(2f+1)mp * cos(2b+1)msjt © « sin(2b+1)msjt
fe1 T20— 5 DT (Zb 1121 5oy b=l s )
LRt % Sz, 13 REEDTE ) (0] = 0" MgB,(sit)8s(p) (63)
On further rearrangements and simplifications, one obtains
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1 o cos(2b + 1D)ms;t = sin(2b + 1)ms;t
(14 ad (e + 2(‘96 2(2 T 2b+1 ZTZ 2b+1 )(Z

cos(2f+ 1)mp - ,sin(2f + D)mp 1 i , cos(Zb + D)ms;t i . sin(2b + Dms;t
2f+1 £, "2 dmi Ly T b1 6T 2b+ 1
) + Z cos(2f+ 1)7Tp - , sin(2f+ L)mp

1
7] 2s: * —
2f+ 1 Tg 204+ 1 ))l’l‘k(t) + Sla'h8 (87 + 7_[2

C , cos(Z2b + Dms;t = ., sin(2b + D)ms;¢t - , cos(2f+ Dmp
(Z T9—_Z LT I Z T ori 1

2a+1 2b+1 TR
b=1 f=1
Z ., sin(2f + 1)7Tp Z . cos(Zb + Dms;t Z , sin(Zb + L)ms;t
2T orr 1 0 an T 2b+1 T b+ 1

+ Z cos(2f+ 1)np = , sin(2f+ 1)mp
( T2+l f1e ™ 2f 4 1

Ni(t) + (QF + ad'sf (g5

Z . cos(2b+1)nst i , Sin(2b + D)ms;t i , cos(2f+ )mp
2( ~ 2b+1 e 1 (LT i1

Z , sin(2k + 1)7‘[(p Z cos(2a+ Drk,t i , sin(2a+ D)mk,t
200k 41 ( T 2a+1 LT 2a+1

(Z cos(2k + Dmp ) w)))m(t) +ad

T 2k+1 T“ 2k + 1

i cos(2b + Dms;t = , sin(2b + 1)ms;t
@’ k;ﬂ L& + 2(86 Z(Z T 2b+1 ZTZ b+l )
cos(2f+ l)np “ ,sin(2f + 1)7Tp cos(2b + Dms; t
(Z B R R T _(Z T 2b+1
sm(Zb + 1)ms; t cos(2f+ 1)7rp = , sSin(2f+ Dmp__
bZl 6" 2b+1 a4 Z Taf1 LT o Ni(6)

cos(2b + 1)ms;t c . sin(2b + 1)ms;t - , cos(2f+ 1)mp
t2siEr b (Z T 2a+1 Z LT XZ T
b=1 =1

i , sin(2f+ l)np z cos(2b + Dms;t i ., sin(Zb + Dms;t
o1 0 T T 2b+1 W opr1 )

+_(2 cos(2f+ Dmp . sinCf+ Drp i (t) + 5.2 (e +

T 2f+1 Mo ™ or 11

Z . cos(2b + 1D)ms;t i ., sin(Zb + D)ms;t i , cos(2f+ D)mp
T 2b+1 18T b+ 1 T

" (2b+1)mp + cos(2b+1)msjt * sin(2b+1)ms;jt 1
By 30 SR o L (S, o, S g g, Snbelney L
2b+1 2b+1 a=1 T 2b+1 4
* cos(2f+1)mp * sin(2b+1)mp «
(B, 73 S 3 | 15, O ) ()] = 0 Mg, (sit)Bs(p) (64)
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Further expression of equation (65) gives

ir(6) + 25109 (2, + — (Z

cos(2f+ 1)mp - , sin(2f+ 1)1Tp

20+ 1 _f T ]

sm(2b + Dms; t Z . cos(2f+ Dmp
+( o2+ 1

- 2b+1

(O (1~ @b (e + 5 (e + 2<Z

i ,cos(2f+ Dmp = ,sin(2f + 1)7Tp
g

T B S o

= . sin(2b + D)ms;t - ,cos(2f+ mp
Y g @D | S coslE Dnp

2b+1

. . cos(2b + Drms; t
sta9*(eg + = (z

~ 2b+1

cos(2b + Dmp - , sin(Zb+ 1)7Tp
2b+ 1 207+ 1

b=1

sin(2b + 1)ms;t i , cos(Zb+ 1)mp
) 3 2b+1

2b+1

tad Z [(es + = (Z cos(Zb + 1)ms; t

k=1k=#r

,cos(2f+ Dmp - . sin(Z2b + 1)7Tp
BT+ 1 GTbr1

sin(2b + 1)ms;t = ,cos(2f+ )mp
) Z 7 2k+1

2b+1

cos(2b + 1)ms; t
251(87 2 (Z

T 2a+1

i _ sin(2f + 1)7Tp z
T (

+(Z cos(2f+ 1)1Tp - , sin(2f+ 1)mp

T 2f+1 T1e

cos(Zb + Dms; t

sin(2f + 1)mp
2f+1

cos(2b + Dms;t

., sin(Zb + D)ms;t i .

cos(2b + Dms;t i .
- 2b+1

. 51n(2f+ Dnp

, sin(Zb + L)ms;t

cos(2b + Dms;t

, Sin(Zb + D)ms;t

1 *
2b+ 1 )(Z 11

f=1

- cos(2b+ Dms;t - .
T 2b+1 Z f1e

b=1

DI G R,

- . sin(2b + D)ms;t
R

2b+1

cos(2b + Dms; t

~ 2b+1

i 51n(2f + Dmp
—2rr1 O

T19

cos(2b + Dms;t i .
T 2b+1 L

, sin(2b+ D)mp
T—l-l))ur(t)

,sin(Zb + 1)ms;t i
2b+1 X

b=1

Te
b=1

ik (t) +

i , cos(2f+ Dmp
T

- ., sin(2b + Dms;t
Z T14- —)

2b+1

[oe)

1
Vi) + 57 (e + — O 71y

b=1

cos(2b+1)msjt « sin(2b+1)msjt * cos(2f+1)mp © *

Tll - Zb 1 Eq Tll)(Zf— g~ Xfe1 T20

sin(2f+1)mp * cos(2b+1)msjt * sin(2b+1)msit 1

2641 )+ (Zb 1T 2b+1 an (65)
* cos(2f+1)1tp - sin(2f+1)mp «

QR T3 —ny — — L1 Taa T))Uk(t)] = w"MgB(s;t)65(p)
Applying the modified asymptotic method of Struble, equation (65) can be re-expressed as
fir (t) + €2 () = 0 (66)
for the homogeneous case
Hence, the entire equation becomes
i (t) + e%“r(t) = w"Mgb,(sit)0s(p) (67)
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Where
1 « * cos(2f+1)mp « sin(2f+1)mp
€ = Qpr — 2— [QF a0 (g6 + (Zf_ Ty T A1 T8y )
(68)
« * cos(2f+1)n:p * sin(2f+1)mp
—S7a" (g + — (N2 135 SEEUT 3o g5, SCH DAYy

2f+1 2f+1

Which gives the modified frequency representing the frequency of the free system.
Rewriting equation (67), one obtains
i (8) + €2up(t) = w*Mgb4(p)[sings(t) + Ascospst + Bgsinhggt + Cscosht] (69)

Making use of the procedures applied to solve equation (59) earlier, one obtains

*Mgo : .
er(t) = TP (92 + eD(Pssinert — ersingst) — Aser (92 + ) (coshst —
cose,t) — By(¢p2 — €2)(¢pssinet — €,sinhepgt) + Cse (P2 — €2)(cosht (70)

—cos€;t)]

In reference to equation (5), one gets
o o "Mg8s(p) .
Wy, ) = X5l Bioey o i, [(9F + ) (Pssinert — ersingt) — Aser(¢3
+€2)(cospst — cose t) — By (2 — €2)(¢gsine t — e sinhest) + Coe, (2

—€2)(coshest — coset)](sin > Ss X + Agcos > Ss X + Bgsinh > Ss X + C; (1)

cosh x)(sm y + Alscos y + Bjssinh c‘sy + Clscosh y)
which is the transverse dlsplacement response to a movmg mass of an orthotropic rectangular plate.

4 lllustrative Examples
Orthotropic Rectangular Plate with Elastic Elastic Boundary Conditions

For the case when the orthotropic plate is elastically supported both at x = 0 and x = L, and also at y = 0 and
y = Ly, the conditions take are the form

W"(0,Ly,t) —oW'(0,Ly,t) =0 =W"(0,Ly, t) + p,W (O, Ly, t) (72)
at the end x = 0 and
W' (Ly, Ly, t) = @i W'(Ly, Ly, t) = 0 =W"" (Ly, Ly, t) + @ W (Ly, Ly, t) (73)

attheend x =L,
In the same, we have

W' (0,Ly,t) — ;W'(0,Ly,,t) = 0 =W"(0,Ly,t) + p,W(0,L,,¢t) (74)
attheend y = 0 and
W' (Ly, Ly, £) = @3 W' (L, Ly, £) = 0 = W' (Ly, Ly, t) + 9, W (Ly, Ly, £) (75)

attheendy =L,
Thus, for normal modes, we have

s/ (0) = 9145(0) = 0 = & (0) + 9245(0)

76

$2(0) = 0184(0) = 0 = £/ (0) + 9535 (0) (76)
attheend x = 0andy = 0 and

st’(Lx) - ¢1Zs’(Lx) =0= ”,(Lx) + (pZZS(Lx) (77)

i,sl (Ly) - <P1(i's (Ly) =0= "’(L ) + 9,0 (Ly)
Using equations (87) and (88), it can be shown that

[g_s - k17’2] sin {s + [riqs + kl] cosh ¢ — 7’155 sinh g + ky7; cosh {g
X X

Cs = ( z
ki sindg — 1 $cos s + 3 s kl] sinh {5 + [L k1r3] cosh g
3 3 3
- [rigxs + kz] sin {5 + [E‘T)SC - kzrz] cos {5 — k,ry sinh {5 — C cosh {s
T e 5 (78)

r3(s
I3, L, + kz] cosh ¢

$sin {s + k1, cos (s + % + k2r3] sinh {5 + [
| X
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AS = Tlcs + rz,BS = r3CS + Tl, (79)
where
gt 2k, 33 2k
ks T s
ry = (4—;1"2= &—,r3=—z4 (80)
L4 klkZ L4 klkZ Zzi k1k2
Similarly, we have
(‘S klrz] sin i + [ TaSis + kl] cosh s — ( + kq717 cosh (g
— Ly
s : 1{15 3(15 (
kyry sin (s — L, cos i + [ —k ] sinh {5 + [—y — k1r3] cosh (i
z( 315 i . nd’
+ k,|sin {5 + L3 — k,1y| cos {js — k,ry sinh (s — Iz, 5 cosh (i
= 81
r1<3is ; (3 r3€15 @D
5. sin {is + ko7 cos (s + L3 S+ k,r3|sinh §js + + k, | cosh {j
y
Ais = rlcis + T :Bis = TSCis + 1 (82)
Where
4 3
( ls + kyk, % 2121(1’5
ry = (4—,1'22_(4 Y :r3=_(4 = (83)
s — ks s — ke, e
y y
From equations (78), (79) and (80), one obtains the frequency equation for the dynamical problem is obtained as
tan{; = tanhd, (84)
Hence, we have
{4 =3.927,{, =7.069,{3 = 10.210,...  (85)

Applying equations (78), (79) and (85) in equations (61) and (71), one gives the displacement expression response
to a moving force and a moving mass of orthotropic rectangular plate on bi-parametric elastic foundation respectively.

5 Discusion of the Analytical Solutions

For this undamped system, it is necessary to investigate the phenomenon of resonance. So from equation (61), it
is obviously shown that the orthotropic rectangular plate with elastic end conditions and on constant elastic foundation and
traversed by moving distributed force with constant speed reaches a state of resonance whenever

bs = Qpr (98)

While equation (71) illustrates that the same orthotropic rectangular plate with elastic end conditions and on
constant elastic foundation and traversed by moving distributed force with constant speed reaches a state of resonance

when
bs =€r (99)
where
1 . i)
€ = er - 2_ [-QIZTC(19 (‘96 (Zf— % Zf—
% * cos(2f+1)1rp - sin(2f+1)mp
—sfad" (g5 + (Zf— 23 gy et T2a oy )]

Comparing equations (84) and (85), one obtains
* cos(2f+1)mp

1 *
€= Qp[1— (‘O‘%ra’19 (66 + (Zf 1T PYa) Zf—
% * cos(2f+1)n:p - sin(2f+1)mp
—sfad eg + (Ef_ PYITE — Xf21 Toa 21 )]

6 Graphs of the Numerical Solutions

* sin(2f+ 1)71:p))

2f+1

(100)

* sin(2f+1)mp
2f+1

(101)

= an

To expatiate the analysis presented in this work, orthotropic rectangular plate is assumed to be of length L, =
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0.923m, breadth L, = 0.432m the load velocity ¢ = 0.8123m/s and p = 0.4m.The results are presented on the various
plotted curves below for both clamped end conditions (classical end condition) and clamped elastic end conditions (non-
classical end condition).

Figures 6.1 and 6.2 display the effect of rotatory inertia correction factorR,on the deflection profile of orthotropic
rectangular plate elastically supported at all ends under the action of load moving at constant velocity in both cases of
moving distributed forces and moving distributed masses respectively. The graphs show that the response amplitude
decreases as the value of rotatory inertia correction factorR,, increases.
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Figure 6.1: shows displacement Profile of Orthotropic Rectangular Plate with Varying
R, With elastically supported at all ends and Traversed by Moving Force
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Figure 6.2: shows displacement Profile of Orthotropic Rectangular Plate with Varying
R, With elastically supported at all ends and Traversed by Moving Mass
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Figures 6.3 and 6.4 display the effect foundation modulusK, on the deflection profile of orthotropic rectangular
plate elastically supported at all ends under the action of load moving at constant velocity in both cases of moving
distributed forces and moving distributed masses respectively. The graphs show that the response amplitude decreases as
the value of flexural rigidity K, increases.

0.000008 -
0.000006 -
8
Ea
& 0.000004 -
)
B
# 0.000002 |
Q
g8
[
g 0 —— .
4 4Time, t seg
4
a
- -0.000002 -
"
-
&
@ -0.000004 -
[]
-
=
-0.000006 - Ko=0
=== Ko = 100000
Ko = 1000000
-0.000008 - Ko = 10000000

Figure 6.3: shows displacement Profile of Orthotropic Rectangular Plate with Varying
K, With elastically supported at all ends and Traversed by Moving Force
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Figure 6.4: shows displacement Profile of Orthotropic Rectangular Plate with Varying
K, With elastically supported at all ends and Traversed by Moving Mass

Figures 6.5 and 6.6 display the effect of shear modulus G, on the deflection profile of orthotropic rectangular
plate elastically supported at all ends under the action of load moving at constant velocity in both cases of moving
distributed forces and moving distributed masses respectively. The graphs show that the response amplitude decreases as
the value of flexural rigidity G, increases.
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Figure 6.5: shows displacement Profile of Orthotropic Rectangular Plate with Varying
G, With elastically supported at all ends and Traversed by Moving Force
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Figure 6.6: shows displacement Profile of Orthotropic Rectangular Plate with Varying
G, With elastically supported at all ends and Traversed by Moving Mass

7 CONCLUSION

Amplitude variation of moving distributed
masses of orthotropic rectangular plate with elastically
supported ends under moving loads has been examined
in this research article. The closed form solutions to
partial differential model with variable and singular
coefficients of the orthotropic rectangular plates has been
obtained for both cases of moving force and moving
mass using the technique adopted by Shadnam, et al.,
[19], was applied to remove the singularity in the
governing fourth order partial differential equation and

thereby transforming it to a sequence of second order
ordinary differential equations. Using the asymptotic
technique of Struble and Laplace transformation, the
analytical solution is obtained. The solutions are then
analysed. From the analysis, it was evidence that for the
equal natural frequency, the critical speed for moving
mass problem is smaller than that of moving force
problem. Hence resonance is attained earlier in moving
mass system than in the moving force system. The results
in the plotted curves show that increase in rotatory inertia
correction factor, R,, foundation modulus K, and shear
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modulus G, resulted to decrease in the amplitudes of the
orthotropic rectangular plates for both cases of moving
force and moving mass problems. It is also depicted in
the curves that the response amplitude of moving mass
problem is higher than of moving force problem which
indicates that resonance is reached earlier in moving
mass problem than in moving force problem of the
amplitude variation of moving distributed masses of
orthotropic rectangular plate with elastically supported
ends under moving loads.
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