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Abstract

In this investigation, exact displacement functions were used to analyze thick anisotropic rectangular plates of two
boundary conditions; simply supported on all edges (SSSS) and clamped on all edges (CCCC). Third order shear
deformation model was employed in the formulation of the total potential energy functional for thick anisotropic
rectangular plate. This total potential energy functional was reduced to the governing equation and compatibility
equations for thick anisotropic plate. The governing equation and compatibility equations were solved to obtain the
general displacement functions. By satisfying the boundary conditions for SSSS and CCCC plates their distinct
displacement functions were obtained. These displacement functions were used to obtain the stiffness coefficients (k-
values) for the plates. Minimizing the total potential energy functional with respect to the coefficients of the displacement
functions gives the formulas for calculating the values of the coefficients. At this point, the displacements and stresses of
the plates were calculated at various angles fiber orientations (0°, 15°, 30°, 45°, 60°, 75° and 90°) and various span-to-
thickness ratios, o (5, 10, 20, 30, 40, 50, 60, 70, 80, 90 and 100). The results obtained were close to the results of other
scholars.
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rectangular thick plates. Sciuva, M [4] determined the
bending, vibration and buckling of simply supported
thick multilayered orthotropic plates using a new
displacement model. Aydogdu, M [5] derived a new

INTRODUCTION

Anisotropic rectangular plates are one of the
most important structural materials used in structural
industries and engineering fields such as marine

structures, aeronautic, astronautic engineering, etc. This
can be attributed to high strength to weight, stiffness to
weight, high fatigue strength, excellent corrosion
resistance and better tailor ability. Anisotropic materials
are much complicated than the isotropic materials due
to their in-homogeneity. Hence, it is ideally suited for
use in weight sensitive structures and also ideal to
understand their static performance in anisotropic plate
analysis [1]. The multiple good qualities of anisotropic
plates have a great attraction for structural engineers

[2].

These literatures adopt refined plate theory just
like other thick plate solutions. Thus, non-dimensional
thick anisotropic rectangular plate subjected to bending
loading and of two boundary conditions; simply
supported on all edges (SSSS) and clamped on all edges
(CCCC) were analyzed. lyengar, K.T.S et al., [3] used
the method of initial functions to analyze orthotropic

shear deformation theory for laminated composite
plates. Noor, A. K et al., [6] assessed the shear
deformation theories for multilayered composite plates.
Reddy, J et al., [7] derived theories and computational
model for composite laminates. Robbins, D.H et al., [8]
modeled thick composite using a layer-wise laminate
theory. Zhang, Y.X et al., [9] recently developed finite
element solution for the analysis of laminated
composite plate. Khandan, R et al., [10] developed a
laminated composite plate theory. Carrera, E [11]
developed theories and finite elements for multilayered
anisotropic composite plates and shells. Matsunaga, H
[12] assessed a global higher order deformation theory
for laminated composite and sandwich plates. Reddy, J
[13] used a simple higher order theory for laminated
composite plates. Cho, M [14] used an efficient higher
order composite plate theory for general lamination
configurations. Poniatovski, V. V [15] worked on the
theory of bending of anisotropic plates. Illing, E [16]
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Analyzed the bending of thin anisotropic plates using
complex fourth order polynomial differential equation.
Vijayakumar, K [17] used Poisson's theory for the
analysis of bending of isotropic and anisotropic plates.
Vasilenko, A. T [18] determined the bending of an
anisotropic elliptic plate on an elastic foundation using
the method of successive approximations. Hearmon, R.
F. S [19] worked on the bending and twisting of
anisotropic plates. Gholami, M [20] worked on the
bending analysis of anisotropic functionally graded
plates based on three-dimensional elasticity.

In this paper, third order shear deformation
theory in Ritz energy method using exact approach was

THEORETICAL FORMULATION

employed to analyze SSSS and CCCC thick anisotropic
rectangular plate. With reference to the above
discussions on anisotropic and composite plates, it
should be noted that the present exact approach method
which determined the exact polynomial shear
deformations functions of thick anisotropic rectangular
plate from the total potential energy functional equation
was not employed by any of the work. Hence, it can be
stated that the above works are based on the assumed
displacement functions and as widely known, assumed
displacement functions yields assumed values which
may not be wholly relied upon because of possibilities
of assuming wrong functions.
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Fig-1a: Deformed rectangular plate showing section A-A and B-B
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Fig-1b: Deformation of a section of a thick plate

Where: CPT = Classical Plate Theory, ¢
Total rotation of the middle surface, 6., and 6.,
Classical plate theorem rotation of the middle surface,
05, and 65, = Angle between the CPT deformation line

and the shear deformation line, u, and v, = In-plane
displacement due to classical plate theory and us and v
= In-plane displacement due to shear deformation
theory.
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Displacement Field
From Figure-1, the refined plate theory in-plane displacements, u and v are defined as presented:

SectionB - B
U= Up F Usg e e een e e e vnn e e e e e 1
V= Vo Vs o e e vin s e e e e e 022

The non dimensional forms of the orthogonal axes are defined as: R = x/a; Q = y/b; S = z/t. aspect ratio, denoted
as P is defined as = b/a.

The classical part of the in-plane displacements u. and v are defined as follows:

- 20 = dW Stdw3 — g = dw_ Stdw_ St dw 4
U, = —2z0, = — dx_ 7 dR Ve = =20y, = Zdy— b dR Badq s
Where w, is the out-plane displacement. Transverse displacements us and vsare defined as:
Ug = F(Z)Ogyx cuv vevcvr ve vr et vee ve wveveneaeaa D
Vs = F(2)Bgy wvv eve e vve e vt ees s vee ers 6

Where: F(z) is the third order shear deformation model defined as:
F(z)—z———= ( ——H) B 4

The non-dimensional form of the model is:

4

F=F(s)=t (5 - 553) e T
That is:
Where:

H=S 453 7d
Adding Equations 3 and 5 gives:

__Stdw + F(2).0, 8
u= 7 dR (2). SOOI 11

Similarly, adding Equations 4 and 6 gives:

St | p@).0, 8b
BadQ
Substituting Equation 7¢ into Equations 8a and 8b gives:
t ow
u= a[ SaR + Ha. ) ] 8¢
ﬁ [—5—+,8Ha 0] ] ST <1

Strain - displacement relations (kinematic relations)
The strain — displacement relations equations are:

dou ou t 9’w 29,
€R=a=ﬁ=§[‘ arz THagR -9
ov ov t 0w 5¢
6u vt 92w a4, t 9w a4,
Yro = €re + &gr = Oy Ep [Baz [— RA0 + Ha. 6Q ﬁaz[ R3O + HBa.— 3R .That is:
ot 2w 29, 6¢y
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ou ow 11 Jw J0H 10w )
Yrs = Ers t &g =£+a = E[_ﬁ-l_ a%.(bx] +Eﬁ.Thatls:
0H
_6H® _6v+6w_1 ow (D] Thati
Yos =95 Tz 9y " Bal 30 Baas Ba’ atis:
_ 0H
Constitutive relations (Stress — Strain Relations)
ORr [311 By, Biz 0 0] [ €R
[O-Q] E, By By, Bz 0 0 é&
|TRQ| =17 . |Ba Bs B 0 0 | YRQ | et e e e 14
Trs Hi221 0 0 0 YRrs
TQSJ | 0 0 0 0 BgsllVes
Where:
E, is the reference Elastic modulus. It can be E; or Ez; m=_Cos9; n= Sin6
311 =m dll + Zmznz(d12 + 2d33) +n d22 R R R R I T 15
B12 = dlz(n + m4) + m n (d11 + dZZ 4d33) M wes wes wer wwn e wes wme oaes wes 16
B13 =m Tl(dll - d12 2d33) + mn (d12 - dzz + 2d33) IO TTITT T .....17
B22 =n dll + Zm nz(dlz + 2d33) +m d22 . e T .......18
Bzg = mn3d11 m ndzz + (m n-— mn3)(d12 + 2d33) M s wes wes wes wwn wes mee s wwn e 19
333 = mznz(d11 - 2d12 + d22 2d33) + d33(m + Tl4) M e wms wes wer wen e e wes wes s 20
B4_4_ = g‘44; BSS = d55;321 = Blz; B31 = Bl3; Bsz = 323 SRR/ |
1
dll = E_O .- .. 22
Uiz
12 2 '50
Ayy = By 220 e 24
21 E1 E,
Ay = =22 e oo e emenn 0. 25
22 E,
G,(1 —
d33 - M sas was aen was wEsw 26
Eo
G5(1 —
dy = 30" Balta) o
Ey
Gy3(1 —
Ey

Substituting Equations 9 to 13 into Equation 14 gives each stress component as:
Eot B12 2w a9,
OR :—]. By - S +Ha— . —S—+Haﬂ.—

[1 — pyzHp]a? 0Q? 2Q
4 Bis [_2s az +H x4 29
5 | 9R30 a. GQ ,8 |
Eot 0%w L 822 0%w a9,
=———— |B,. Ha |—-S——+ Haf.—
T T il ( = [ IR Y T TR T
Bys | *w ¢, a4\
+?'__256R6Q+H 6Q +Bﬁ _ T 1 |
Eot 0%w 9¢.] Ba, °w a9,
TRQ—W<B31[—SW+H0.§ +F —Sa—Q2+HaB%
833 0%w 00, a9,
+— 5 ZSaRaQ+H 6Q +Bﬁ . 3 §
[ ] 0, ‘Bus [“2 aH] ? 32
RS = FETT HizHp1 [1 - H12l121]a letes|
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a? oH
55+ s @y was wus ses wes was ses mEs w s wamw 33

@,
[T [ ] [1- H12Mz1]a t oS

TQS =
Total potential energy functional

The total potential energy functional is given as:
1

-] [
00

0.5
f ORER + ORER + TRQYRQ + TRSYRS + TQSYQS) dR dQ ds
-0.5

- qabf J- wdRdQ...... e e ee .. 34
0 Jo

2 2
Substituting Equations 9 to 13 and Equations 29 to 33 into Equations 34 gives: [ = a:;".fol fol {{B11 '[(ZTVZV) —

o%w D4y 2("’&) Biz ("ZW) ao’w aﬂ_ 202w 0y o 0by OPw d*w 0ty
2‘gza'aRZ'aR t gsa” AR t |2 AR 3Q ~ 925 920 arz " or _ J2% AR " 9Q2 920505 ARz " +

B2 B a2’ aQ
25 0 O0y] | Bis [, 9w 92w _ (% _) 2w 00w by 2 (a¢x Wy) Oy
2g;a°p. 3R " 9Q + g 4aRaq'aR2 2g2a. +5. or ) arz 4920 9RAQ " 3R +2g;a”. + 5. orl T

B [(02w)? _ 2w %y e (P
ﬁ4— .|:(6Q2) 2g2a:8 6Q2 aQ + .8 ( ) +
Bas [, 0w 0%w _ 9y 5 %% aZW 94y 9y 5 %% Bss 2
B3 '[46R6Q'6Q2 Zgza'(aq +B. aR) gza,b’ aRaQ 2Q +2g3a 'B'(aQ + 5. 6R) ]+ ’ (ﬁRaQ)
oPw by o 0%w Dby 2 [ (2 3y Wy pa (Vby)?
Zgza'(aRaQ'aQ+ﬁaRaQ'aR)+g3a' (aQ) +ZBaQ'aR+B'(6R)

2 4
a?Bgs. (%) .g4.¢y2} - 2%\”} AR AQ v e es e eee e 35

+ a?By,. (%) G40, +

Where:
E,t3

0 12[1 — pypppq]

Governing equation and compatibility equations
Differentiating Equation 35 with respect to w, 6, and 6, gives the governing equation and compatibility equations
respectively.

dil dIT dII
—=——=—=1037
dw  do, do,
That is:
11
e ff 2 0w Bpdw By 0w By 0w _8%p 4B ]a3¢"
dw = 6R4 XY 9RZ 902 an B 9Q* B OR®0Q B RO 2 11 + B12 FTE
00
_ga P 3P 99, L. ]93¢y_@ 9,
22" Y 9R 9Q2 B 9R2 90 9Q  2p3 22 _6Q3 28 XY 3R2 90 2Q
Bz3 3¢ 3¢y go4a 03(|)X qa4 _
[32 R AQ? — 822 By aRE B UBIQR Dy dRdQ=0.. < 1<
dIl 23w *0,] | Biz , 03w 93w L. 0%,
E - Bll -[_gza aR3 +g3a aRz] 2,32 . _gzaﬁ W_gzaaR an +2g3a :BaRaQ
B3 3w 3w , 0°9, ) ‘9,
7. —gza.m—ZgzaW+2g3a W—}_g B IR2
823 63w a? 62¢y Bss 2w , 0°0, 62¢y
ﬁ3 [ gza 6Q3 B 6Q2 +ﬁ —gza.m+g3a . an g3 aRaQ
a 2
+ a?By,. (?) G0 B =0 s o239
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dil _ Byp addw 23w 0%0. ] Bys 23w 0%9,
o, 22 '[_gzﬁa_cﬁ_gzaﬁ'amaq”g “B-3ra0|* B [ 920-F-5pz + 95 . aRZ]
B,, 23w 2¢y
+F -[_gzaﬁ FIE + g;a®p?. 302
Bys 3 3 92 0%¢
3 -[_gza-ﬁ-—aR 302 ~ Zgzaﬁ-—aRan + gsa*p. 202 -+ 2g5a° B2 “9R0Q
Bss 3 5 z 5 0? a2
+F.[—g2a.ﬁm+g3a.[)’aRaQ+g3a L W + a?Bss. (t) - ga- Dy

Equations 38, 39 and 40 are the governing equation of equilibrium of forces, compatibility equation of
displacements in x-z plane and compatibility equation of displacements in y-z plane respectively.

Solutions of governing equation and compatibility equations
Solving Equations 38, 39 and 40 gives:

W=A1" e ee e bl
w = (0(0 + CXIR + asz + O(3R3 + 0(4R4)(/10 + A‘IQ + AzQZ + /13Q3 + /14_Q4) ......... 41b
_A; oh 42
o, = LR
P 43
y T apIag
Satisfying the boundary conditions for SSSS and CCCC plates gives their distinct deflection equations respectively as:
w = A;h = az0,(R — 2R3 + R)(Q — 2Q3 + 21,Q%) {f0r SSS5} vuv vev e e vt et e eee e ene e o &1
w = A;h = a0, (R? — 2R3 + RY)(Q? — 2Q3 + 21,Q%) {for CCCCY v vvv v oee e e e eee e e A1d
Substituting Equations 41a, 42 and 43 into Equation 35 gives: [ = {{Bn [A1 —2g9,A1A,.+g3A, ]k1
(B12+2B33) [B12+B33] B ALA
%.[ZAl _nglAZ_nglA] k2+2L233g3A2A3.k2 +ﬁ.g2 [_ 1 3k3 AAzﬁ k]+
333

B B

J+93A2% + 93457k, + 222 . [4A1% — 29,(AsA; + AjA3) — 4g,A.A, + 2g3(A2 + AyAs) |k + ;j A% -
B

292A1A3 + g3A3 ]ks + = [4A1 —29,(A1A; + AjA3) —4g,AAz + 293(A Az + A )]ks

B44.(t)  Ga Ak + 355.(%) .g4A32k7} 24,2 kg} e A

2 2
fozfol (%) dj::lQ k2 = f f <d(}i:;Q> ;;;dQ?d‘:; = fo 1 fo 1 G%;) drdQ
B f f (dR2><deQ>deQ ks = f f <dQ2><deQ>deQ
k6=f0fo 1R deQ;k7=f0f0 ﬁ deQ;k8=f01f01hdeQ

To obtain the quasi equations of equilibrium of forces and quasi compatibility equations, Equation 44 must be
differentiated with respect to A1, A2 and A3. That is:
dll dIl _dIl

— e = = .. 45
dA, _dA,  da,

dl ] qa*

d—Al = L11A1 —_ L12A2 —_ L13A3 —_ D—O k8 = O Mas was wes mes ses was mes wes wes omes sas was .46
dl1

d—Az = L12A1 - L22A2 - L23A3 = 0 Mas wes wes ses ms sas ses wes wes wes ses ms wes ses wes s owes 4‘7
dI1

d—A3 = L13A1 - L23A2 - L33A3 = 0 Mas wes wes sea sas mes ses ses wes wee ss mas wes s se s mea s .48
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Where:
2(2B,; +B,} B B,
Ly, = Bk, +ﬁ}k ﬁzf ks +B3 ﬁ Sk, +3—= ﬁB OO’
+
L12 = B11g2k1 + %gzkz + 2.25%g2k4 + 0.757g2k5 T 50
{2B33 + B1,} B2,
L13 = ngkz ﬂ‘l' g2k3 + 0. 75 ﬁ g2k4 + 2. 25 ﬁ gzks TR R RI RN 51
{2B33 BlZ}
L12 = B11g2k1 + ngkz + 2.25 ﬁ g2k4 + 0 75 ﬁ gzks Sr ees ne ses ses wea oses es wae 52
B33
L22 = B11g3k1 + Fg3k2 + 1 5 ﬁ g3k4 + B44 0( g4k6 a1 sas tee eee sEs Ges aen Bes Gee Gae sea e wes eee 53
BlZ B33 2 B4—5
L23 ﬁz g3k2 + Fg3k2 + 0 75 ﬁ g3k4 + 0 75 B3 g3k5 +°( g4 71{8 Aas mns ams ans mns ons o ama e aas 54‘
2B3; +B B B B
L13 Mgzkz 242 g2k3 + 0.75£g2k4 + 2.25£g2k5 WEr sms wEs wen sms wEs wEn osws wEs we s 55
B P B b B P B,s b
L23 = ﬁg3kz %g?,kz + 0.75£g3k4 + 0. 75_g3k5 +0c g4 _k8 tra e was wes e nas wea s oaen 56
B B
L33 = 323 g3k2 4_ g3k3 + 15 3 g3k5 +0c2 g4_2k7 fe was was ee was wes e was res aes owes aes ............57
Solving Equations 47 and 48 simultaneously gives:
LioLss — L13L23)
=l )A ;=P A v e D8
: <L22L33 —Lalyy/ P
LizLap — L12L23)
’ <L22L33 —Lalyy/
Substituting Equations 57 and 58 into Equation 46 gives:
a* k a*
A = 8 A K e 600

Do "(Lis — Li2P, —LisPs) Do

Formulas for analysis
Substituting Equation 60 into Equation 4la and substituting Equation 36 into the resulting equation and

simplifying gives:
3

t
w 9 Z = 12[1 — Uiz uZl].kgh S ¥ |

Substituting Equations 41a, 42 and 43 into Equations 8c, 8d, 29, 30, 31, 32 and 33, where appropriate and
simplifying gives:

E, /t\2 oh

ua(g) = 12[1 = tiobiga]: Ko [ 4 HP, |50 062
2

v§—2(£> =12[1—u12u21].[5+’+1)3].%.k9 ..63
3(£>2_12k ( L [HP, — ]—+B—[ HP. ] +@H(P + Py —25) azh) 64
q \a 9 2 oR? T B? 3 202 T 3 2 3 GROQ |
G—Q(£>2 =12.k (B [HP, — ]azh Bz [HP, — S]—h+%H(P +P)—2S azh) 65
q \a -Kog.| B21 2 ,32 3 202 B 2 3 BRAQ )
E(E)z =12k (B [HP. S] 4 Baz [HP, — ]azh B3 H(P, + P, —25) o%h ) 66
q a 9- 31 2 6R2 Bz . 3 6Q2 ,B 2 3 aRaQ
_ Tre(t)? 0H\ oh
_ Tos(t)? P, 0H\ oh
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Example Problems

The numerical values for typical anisotropic
rectangular thick plate In-plane displacements, u and v,
out-plane displacement (central deflection), w, in-plane
stresses, ooy and Ty, and out-plane stresses, Ty, and Ty,
were determined for angles fiber orientations of 0°,
15°, 309, 45°, 60°, 75° and 90° at span to thickness
ration (a), 5, 10, 20, 30, 40, 50, 60, 70, 80, 90 and 100
for plate of two boundary conditions; SSSS and CCCC
that are subjected to bending loading. The plate was
analyzed at various meaningful points along the length,
width and depth axis. For SSSS plate: in-plane
displacements, u and v, were analyzed at coordinates
(x = 0.5,y = 05,z = 0.5) ; transverse
displacement, w, was analyzed at coordinate (x =
0.5,y = 0.5,z = 0.5), In-plane normal stresses, o,
and o,, were analyzed at coordinates (x = 0.5,y =
0.5,z = 0.5), in-plane shear stress, t,,, were analyzed
at coordinates (x = 0,y = 0,z = 0.5) , out-plane
shear stresses, Ty, and Ty, were analyzed at coordinates
(x =0,y = 05,z = 0.5) and (x =05y =
0,z = 0.5) respectively. For CCCC plate: in-plane
displacements, u, was analyzed at coordinate (x =
0.2,y = 0.5,z = 0.5); in-plane displacement, v, was
analyzed at coordinate (x = 0.5,y = 0.2,z = 0.5);
transverse displacement, w, was analyzed at coordinate
(x = 05y =05z =05) ; Inplane normal
stresses, oy, 0Oy, and in-plane shear stress, t,,, were
analyzed at coordinates (x = 0.2,y = 0.2,z = 0.5);
while out-plane shear stresses, Ty, and Ty, , were
analyzed at coordinates (x = 0.2,y = 0.5,z = 0.5)
and (x = 0.5,y = 0.2,z = 0.5) respectively. The
plate is subjected to uniformly distributed load. The
following non dimensional forms applied by [21, 22,

23, 24, 25] were used to present the results: [v_v =

Eot3 - o e — -
wmxloo, u,v= u,vﬁ, Oxx Oyys Txy =

2
%. (2) ; Tao Tyz = %. (2)] The material
properties used for Tables 1, 2 and 3 have the following

given parameters: (E,/E, = 25,G;,/E, =
0.5, G13/E2 = 0.5, 623/E2 = 0.2; Vi = 0.25)

while Table 4 used these parameters: (E1 = E, =

210GPa; vy, = 0.3; G = — )

2(14+p)
i Analyze an orthotropic thick square SSSS

plate with the following information: (E1 =
E, = 210GPa, v, = 0.3,G = z(fw )

ii. Analyze an orthotropic thick square CCCC
plate with the following information: (E1 =
25; E2 = 1; G12 = 0.5; G13 =
0.5; G23 = 0.2,ul12 = 0.25)

RESULTS AND DISCUSSIONS
Presentation of Results

This study investigated SSSS and CCCC thick
anisotropic rectangular plates and the following results
were determined.

Results of Numerical Problems

The numerical values for typical anisotropic
rectangular thick plate In-plane displacements, u and v,
out-plane displacement (central deflection), w, in-plane
stresses, oy, oy and Ty, and out-plane stresses, Ty, and
1,,, 8s determined are presented on Tables (1) to (3).

Example problem of typical anisotropic rectangular
thick plate with different boundary conditions

The method developed was deployed to solve
typical anisotropic rectangular thick plate problems.
The problems chosen have also been solved by other
authors for SSSS rectangular plate at zero degrees angle
fiber orientation. The values gotten were compared with
those from other authors as shown on Table-4. Below
are discussions made based on the results.

Numerical values of SSSS plate at angle fiber
orientation of 0°

From Table-1, it is observed that out-plane
displacement (w) decreases in values as the thickness of
the plate decreases. This decrease is very visible at
thick plate zone (o = 5 t0 10) but gradually diminishes
as thickness of the plate decreases. The in-plane
displacements (u &v) yielded negative values which
decrease as the thickness of the plate decreases. The
decrease was more at the thick plate zone but gradually
reduces at the thin plate zone. This shows that the out-
plane displacement are more effective on thick plate
than thin plate. The in-plane stresses, oy, and Ty, ,
decrease in values as the plate decreases in thickness. A
closer look will show a sharp decrease at thick plate
section and a slight decrease at thin plate section. The
in-plane stress o, , out-plane stresses 7,, and 7,,,
increase in values as the plate thickness decreases. This
increase and decrease of the stresses and displacements
are due to the anisotropic nature of the plate.

Numerical values of CCCC plate at angle fiber
orientation of 0°

From Table-2, it is observed that out-plane
displacement values,w, decreases as thickness of the
plate decreases. The values given by the in-plane
displacements u, and v, are in the negative coordinates
and they decrease as the thickness of the plate
decreases. In-plane stresses, G, and Gy, values are also
in the negative coordinates and they increase as the
thickness of the plate increases. In-plane stress, T,y and
out-plane stress, T,, decrease in values as the thickness
of the plate decreases while the out-plane stress, T,
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increases in values as the thickness of the plate
decreases.

Hence, it can be stated that, for CCCC plate at
angle fiber orientation of 0°, displacements and stresses
are either increasing or decreasing in values as the plate
thickness decreases. This shows how anisotropic the
plate is in nature.

Numerical values of CCCC plate at angle fiber
orientation of 15°

Table-2 shows that out-plane displacement
values,w, decreases in values as the thickness of the
plate decreases. The in-plane displacements u, and v,
gave values at the negative coordinates, these values
decease as the thickness of the plate decreases. The In-
plane stresses, o, and G,, values are also in the
negative coordinates and they increase as the thickness
of the plate decreases. In-plane stress, T, and out-plane
stresses, Ty, and Ty, decrease in values as the thickness

of the plate decreases,

Also, for CCCC plate at angle fiber orientation
of 159, displacements and stresses are either increasing
or decreasing in values as the plate thickness decreases.
This explains the anisotropic nature of the plate.

Comparison of present study results with those from
various authors.

The aspect ratio was inverted to correspond
with the one used by other authors (1/B = a/b =
0.5,i.e.p = b/a = 2). This aspect ratio, (B = 2) was
employed to determine the values of displacements and
stresses as shown on Table-4.

The percentage differences between present
study and Ghugal and Sayyad (2010) for displacement
(W) and in-plane stress (G.) are 4.97% and 2.98%.
Also, the percentage differences between present study

and Ghugal and Sayyad (2010) for stresses (T, oyyand
Tyy) are -9.87%, 27.49% and -20.7% respectively. This
shows that, present study displacement (w) and in-plane
stress (Oxy) are closely related to those obtained by
Ghugal and Sayyad (2010) but mildly over-estimated
the in-plane stresses (o,,) and (Ty,). The percentage
differences between the present study and Murthy
(1981) results for displacement (w) and stresses (Oxy,
G,y Txy and Ty,) are as follows; 5.23%, 6.78%, 8.26%,
-21.1% and -6.70%. Based on the above percentage
differences, it is observed that Murthy results gave
closer percentage difference values than that of Ghugal
and Sayyad (2010). Results from Reddy (1984) gave
percentage differences for in-plane stresses (o, and
Tyy) as 17.73% and -22.0% and also gave percentage
differences which agreed better with the present study
results for displacement (w) and stresses (0,4 and T,,)
as 4.30%, 6.93% and -6.23% respectively. Results from
Mindlin (1951) was also compared with the results
from present study for displacement (W) and stresses
(0xx» Oyy, Txy aNd T,;) and the following percentage
differences were obtained; 4.30%, 7.23%, 18.02%, -
20.3% and 14.74% respectively. Kirchhoff (1850)
results for displacement (W) and stresses (0xx, Gyy, Txy
and T,,) gave the following percentage differences
when compared with the present study; 7.32%, 7.23%,
17.73%, -20.7% and -7.32%. Classical plate theory by
Kirchhof over-estimated the in-plane stress (Gy,) at
percentage difference of 16.84% but gave the
percentage difference for displacement (w) and stresses
(04 and T,) as 4.68%, 6.93% and -6.23% respectively.
However, from Table-4, average percentage difference
for each particular author confirmed that the results
obtained by present study are mildly higher or lower
when compared with those from previous work and
increases or decreases with the same progression. Thus,
the solution developed can analyze SSSS and CCCC
thick anisotropic plate.

Table-1: Displacements and stresses for SSSS anisotropic rectangular thick plate for 0° @ (a« = 5to 100, =

b/a = 2)

o] W u v O o, Ty T T,

51 0.13034 | -4.66260 | -2.44529 | 0.66322 | 0.16676 | 0.23516 | 0.63588 | 0.18641
10 | 0.11934 | -18.5400 | -9.37825 | 0.65758 | 0.16743 | 0.22952 | 0.63921 | 0.19470
20 | 0.11656 | -74.0417 | -37.1276 | 0.65613 | 0.16765 | 0.22815 | 0.64004 | 0.19689
30 | 0.11604 | -166.544 | -83.3782 | 0.65586 | 0.16769 | 0.22790 | 0.64020 | 0.19730
40 | 0.11586 | -296.046 | -148.129 | 0.65577 | 0.16770 | 0.22781 | 0.64025 | 0.19744
50 | 0.11578 | -462.550 | -231.381 | 0.65572 | 0.16771 | 0.22777 | 0.64028 | 0.19751
60 | 0.11573 | -666.054 | -333.133 | 0.65570 | 0.16771 | 0.22775 | 0.64029 | 0.19754
70 | 0.11570 | -906.559 | -453.385 | 0.65568 | 0.16772 | 0.22773 | 0.64030 | 0.19756
80 | 0.11569 | -1184.06 | -592.138 | 0.65568 | 0.16772 | 0.22772 | 0.64031 | 0.19758
90 | 0.11567 | -1498.57 | -749.391 | 0.65567 | 0.16772 | 0.22772 | 0.64031 | 0.19759
100 | 0.11566 | -1850.08 | -925.145 | 0.65566 | 0.16772 | 0.22771 | 0.64031 | 0.19760
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Table-2: Displacements and stresses for CCCC anisotropic rectangular thick plate for 0° @ (a = 5 to 100, =

b/a = 1.5)

o| W u v O G,y Ty Ty T,

51 0.01349 | -0.13438 | -0.26688 | -0.02330 | -0.00145 | 0.03285 | 0.57552 | 0.04710
10 | 0.00485 | -0.32510 | -0.45571 | -0.01404 | -0.00066 | 0.01549 | 0.63041 | 0.02472
20 | 0.00244 | -1.06578 | -0.97263 | -0.01147 | -0.00039 | 0.00969 | 0.64738 | 0.01537
30 | 0.00198 | -2.29763 | -1.79867 | -0.01098 | -0.00034 | 0.00853 | 0.65073 | 0.01338
40 | 0.00181 | -4.02187 | -2.94989 | -0.01080 | -0.00032 | 0.00811 | 0.65192 | 0.01266
50 | 0.00174 | -6.23865 | -4.42854 | -0.01072 | -0.00031 | 0.00791 | 0.65247 | 0.01233
60 | 0.00170 | -8.94801 | -6.23522 | -0.01068 | -0.00030 | 0.00781 | 0.65277 | 0.01214
70 | 0.00167 | -12.14996 | -8.37012 | -0.01065 | -0.00030 | 0.00774 | 0.65295 | 0.01203
80 | 0.00166 | -15.84451 | -10.83333 | -0.01064 | -0.00030 | 0.00770 | 0.65307 | 0.01196
90 | 0.00165 | -20.03166 | -13.62488 | -0.01063 | -0.00030 | 0.00767 | 0.65315 | 0.01191

100 | 0.00164 | -24.71141 | -16.74480 | -0.01062 | -0.00030 | 0.00765 | 0.65321 | 0.01187
Table-3: Displacements and stresses for CCCC anisotropic rectangular thick plate for 15° @
(0 = 5t0100,8 = b/a = 1.5)

a| W u v e G,y Ty Ty T,

510.01704 | -0.16094 | -0.31905 | -0.31784 | -0.02747 | 0.16179 | 0.74015 | 0.07032
10 | 0.00518 | -0.34977 | -0.45589 | -0.13168 | -0.01129 | 0.06619 | 0.66805 | 0.04452
20 | 0.00258 | -1.14655 | -0.99602 | -0.08639 | -0.00734 | 0.04286 | 0.65355 | 0.03529
30 | 0.00211 | -2.47837 | -1.88603 | -0.07787 | -0.00660 | 0.03846 | 0.65105 | 0.03334
40 | 0.00194 | -4.34341 | -3.13019 | -0.07487 | -0.00634 | 0.03691 | 0.65019 | 0.03263
50 | 0.00187 | -6.74147 | -4.72927 | -0.07348 | -0.00621 | 0.03619 | 0.64979 | 0.03230
60 | 0.00183 | -9.67248 | -6.68348 | -0.07273 | -0.00615 | 0.03580 | 0.64958 | 0.03212
70 | 0.00180 | -13.13643 | -8.99290 | -0.07227 | -0.00611 | 0.03557 | 0.64945 | 0.03202
80 | 0.00179 | -17.13330 | -11.65757 | -0.07198 | -0.00608 | 0.03542 | 0.64936 | 0.03194
90 | 0.00178 | -21.66310 | -14.67749 | -0.07177 | -0.00607 | 0.03531 | 0.64931 | 0.03190

100 | 0.00177 | -26.72582 | -18.05267 | -0.07163 | -0.00605 | 0.03524 | 0.64926 | 0.03186

Table-4: Comparison of deflection and stresses from present study with those of Ghugal and Sayyad (2010),

Murty(1984), Reddy(1984), Mindlin(1951) Kirchhoff(1850) and Classical Plate for rectangular isotropic plate at
0° angle fiber orientation

alb | t/a Author w Cxx O,y Ty T Average %difference
05|01 Present | 11.9337 | 0.6576 | 0.3379 | 0.2295 | 0.6392
Ghugal & Sayyad | 11.340 | 0.638 0.245 0.277 0.701
%difference | 4.97% | 2.98% | 27.49% | -20.7% | -9.67% 13.16%
Murty | 11.310 | 0.613 0.310 0.278 0.682
%difference | 5.23% | 6.78% | 8.26% | -21.1% | -6.70% 9.61%
Reddy | 11.420 | 0.612 0.278 0.280 0.679
%difference | 4.30% | 6.93% | 17.73% | -22.0% | -6.23% 11.44%
Mindlin | 11.420 | 0.610 0.277 0.276 0.545
Y%difference | 4.30% | 7.23% | 18.02% | -20.3% | 14.74% 12.91%
Kirchhoff 11.06 | 0.610 0.278 0.277 0.686
%difference | 7.32% | 7.23% | 17.73% | -20.7% | -7.32% 12.06%
CPT | 11375 | 0.612 0.281 - 0.679
%difference | 4.68% | 6.93% | 16.84% -6.23% 8.67%

CONCLUSIONS

The study presents a solution for the analysis
of SSSS and CCCC thick rectangular anisotropic plates.
From the governing equation, compatibility equations
and based on the third order shear deformation theory,
the solution applied Ritz energy method to derived the
polynomial displacement functions for SSSS and
CCCC rectangular plate. Deflection at the center of the
anisotropic rectangular plate were determined for 0°,
15%nd for span to thickness ratio, alpha, (o= 35, 10, 20,

30, 40, 50, 60, 70, 80, 90 and 100) for SSSS and CCCC
thick anisotropic rectangular plate. The displacements
(u and v) and stresses (ox 0y, Ty, Tx, and Ty;) Were also
determined in accordance to the description above.
From the numerical results obtained, the following
conclusions were drawn.

The solutions developed through exact
approach can be used for satisfactory analysis to
anisotropic thick rectangular plate problems of SSSS
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and CCCC boundary conditions. Also, the exact
approach of analyzing anisotropic thick rectangular
plate using third order shear deformation theory in Ritz
energy method, yielded satisfactory numerical results
when compared with those from previous studies.

REFERENCES

1.

10.

11.

Sarangan, S., & Singh, B. N. (2017). Evaluation of
free vibration and bending analysis of laminated
composite and sandwich plates using non-polynomial
zigzag models: COFinite element formulation.
Journal of Aerospace Science and Technology,
68(6):496-508.
https://doi.org/10.1016/j.ast.2017.06.001

Zhanga, H., Shia, D., & Wangb, Q. (2017). An
improved Fourier series solution for free vibration
analysis of the moderately thick laminated composite
rectangular plate with non-uniform boundary
onditions. International Journal of Mechanical
Science. 121(11):1-20.
https://doi.org/10.1016/j.ijmecsci.2016.12.007
lyengar, K. T. S., & Pandya, S. K. (1983). Analysis
of orthotropic rectangular thick plates. Fibre Science
and Technology. 18(1):19-36.
https://doi.org/10.1016/0015-0568(83)90048-9
Sciuva, M. (1986). Bending, vibration and buckling
of simply supported thick multilayered orthotropic
plates: An evaluation of a new displacement model.
105(3):425-442. https://doi.org/10.1016/0022-
460X(86)90169-0

Aydogdu, M. (2009). A new shear deformation
theory for laminated composite plates. Composite
Structures. 89(7):94-101.
http://dx.doi.org/10.1016/j.compstruct.2008.07.008
Noor, A. K., & Burton, W. S. (1989). Assessment of
shear deformation theories for multilayered
composites Plates. Applied Mechanics Rev. 42(1):1-
13. http://dx.doi.org/10.1115/1.3152418

Reddy, J., & Robbins, D. (1994). Theories and
computational models for composite laminates.
Applied Mechanics Rev. 47(1):147-169.
http://dx.doi.org/10.1115/1.3111076

Robbins, D. H., & Reddy, J. N. (1993). Modelling of
thick composites using a layerwise laminate theory.
International Journal of Numerical Methods in
Engineering. 36(1):655-677.
http://dx.doi.org/10.1002/nme.1620360407

Zhang, Y. X, & Yang, C. H. (2009). Recent
developments in finite element analysis for laminated
composite plates. Composite Structures. 88(2):147-
157.
http://dx.doi.org/10.1016/j.compstruct.2008.02.014
Khandan, R., Noroozi, S., Sewell, P., & Vinney, J.
(2012). The development of laminated composite
plate theories: A review. Journal of Material
Science. 47(12), 5901 - 5910.
http://dx.doi.org/10.1007/s10853-012-6329-y
Carrera, E. (2002). Theories and finite elements for
multilayered, anisotropic, composite plates and

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

shells. Archive of Computer Methods in Engineering.
9(1):87-140. http://dx.doi.org/10.1007/BF02736649
Matsunaga, H. (2002). Assessment of global higher-
order deformation theory for laminated composite
and sandwich plates. Composites Structures.
56(2):279-291. http://dx.doi.org/10.1016/S0263-
8223(02)00013-2

Reddy, J. (1984). A simple higher-order theory for
laminated composite plates. Journal of Applied
Mechanics. 51(1):745-752.
http://dx.doi.org/10.1115/1.3167719

Cho, M., & Parmerter, R. (1993). Efficient higher
order composite plate theory for general lamination
configurations. American Institute of Aeronautics
and Astronautics. 31(7):1299-1306.
https://doi.org/10.2514/3.11767

Poniatovski, V. V. (1964). On the theory of bending
of anisotropic plates. Journal of applied Mathematics
and Mechanics. 28(6):1247-1254.
https://doi.org/10.1016/0021-8928(64)90036-X
llling, E. (1952). The bending of thin anisotropic
plates. The Quarterly Journal of Mechanics and
Applied Mathematics. 5(1):12-28.
https://doi.org/10.1093/gjmam/5.1.12

Vijayakumar, K. (2013). Poisson’s theory for
analysis of bending of isotropic and anisotropic
plates. International scholarly research notices. 1-8.
https://doi.org/10.1155/2013/562482

Vasilenko, A. T. (2002). Bending of an anisotropic
elliptic plate on an elastic foundation. International
Applied Mechanics. 38:351-355.
https://doi.org/10.1023/A:1016042530247

Hearmon, R. F. S., & Adams, E. H. (1952). The
bending and twisting of anisotropic plates. British
Journal of  Applied Physics,  3(5):1-22.
https://doi.org/10.1088/0508-3443/3/5/305

Gholami, M., Hassani, A., Ojarestaghi, S. S. M., &
Alashti, R. A. (2019). Bending analysis of
anisotropic functionally graded plates based on three
dimensional elasticity. Article is under review in
European Journal of Computational Mechanics.
https://doi.org/10.1080/17797179.2018.1560844
Ghugal, Y. M., & Sayyad, A. S. (2010). A static
flexure of thick isotropic plates using trigonometric
shear deformation theory. Journal o Solid
Mechanics, 2(1), 79-90.
https://doi.org/wwwijsm.paper.pdf

Murty, A. V. K. (1984). Toward a consistent beam.
American Institute of Aeronautics and Astronautics
AlAA Journal, 22(1):811-816.
https://www.eprints.library.lisc.ernet.in

Reddy J. N. (2004). Mechanics of laminated
composite plates and shell “theory and analysis”
(Second edition). CRC Press: Washington D.C.
Mindlin, R. D. (1951). Influence of rotary inertia and
shear on flexural motions of isotropic elastic plates.
Journal of Applied Mechanics, 18, 31-38.

Kirchhoff, G. R. (1850). Uber das gleichgewichi und
die bewegungeinerelastishemscheibe. Journal Fuer
die Reine und Angewandte Mathematik, 40, 51 88.
https://doi.org/10.1515/crit.1850.40.51.

© 2020 | Published by Scholars Middle East Publishers, Dubai, United Arab Emirates 160


https://doi.org/10.1016/j.ijmecsci.2016.12.007
https://doi.org/10.1016/0015-0568(83)90048-9
http://dx.doi.org/10.1016/j.compstruct.2008.07.008
http://dx.doi.org/10.1115/1.3152418
http://dx.doi.org/10.1115/1.3111076
http://dx.doi.org/10.1002/nme.1620360407
http://dx.doi.org/10.1016/j.compstruct.2008.02.014
http://dx.doi.org/10.1007/s10853-012-6329-y
http://dx.doi.org/10.1007/BF02736649
http://dx.doi.org/10.1016/S0263-8223(02)00013-2
http://dx.doi.org/10.1016/S0263-8223(02)00013-2
http://dx.doi.org/10.1115/1.3167719
https://doi.org/10.2514/3.11767
https://doi.org/10.1016/0021-8928(64)90036-X
https://doi.org/10.1093/qjmam/5.1.12
https://doi.org/10.1155/2013/562482
https://doi.org/10.1023/A:1016042530247
https://doi.org/10.1088/0508-3443/3/5/305
https://doi.org/10.1080/17797179.2018.1560844
https://www.eprints.library.lisc.ernet.in/

