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Abstract: In this paper, a new non-monotone conic trust region method with fixed step-size based on conic models for
solving unconstrained optimization problem is proposed. Unlike the traditional trust region methods, the sub-problem of
our new algorithm is the conic minimization sub-problem. Moreover, we use the fixed step-size to obtain a new point
when the trial step is not accepted. Theoretical analysis indicates that the new method preserves the global convergence
under suitable conditions.
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INTRODUCTION
Unconstrained optimization problem as follows:
min f (x) (11)

xeR"

where f (X):R" — R is a twice continuously differentiable function.

Trust region method has strong convergence and robustness, and it does not need to require the approximate
Hessian matrix of the trust region sub-problem to be positive definite. So, trust region methods have been studied by
many researchers [1, 2, 3].

In recent years, a variety of trust region methods have been proposed in the literatures. Nocedal and Yuan [4]
presented method which combine line search and trust region method. In 2005, Mo et al. [5] proposed a fixed step length
method for unconstrained optimization.

Recently, non-monotone techniques have been studied by many authors since Grippo et al. [6]. Many authors have
generalized the non-monotone strategy to trust region methods and presented other new non-monotone techniques [7, 8,
9].

The traditional non-monotone trust region methods are mostly based on quadratic model, but when the objective
function has strong non-quadratic, the quadratic model methods often produce a poor prediction of the minimizer of the
function. In 2008, Qu et al. [10] proposed a new trust region sub-problem based on the conic model for unconstrained
optimization:

. T T
min  c(s) = f, +-% 41 55

1-hs @a-his)?’

st.  1-hls>0, (1.2)
s < Ay,

where h, is the associated vector for conic model and it is usually called horizontal vector, A, is conic trust region
radius.

In our paper, we combine the sub-problem (1.2) with non-monotone technique proposed in [9] and fixed step-size to
propose a new algorithm. This paper is organized as follows. In the next section, we describe our new non-monotone
trust region method with fixed step-size based on conic model. The properties of this new algorithm and the global
convergence property are given in Section 3. Finally, some conclusions are addressed in Section 4.
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Algorithm
In this section, we describe our new non-monotone conic trust region algorithm. We obtain the trial step S, by solving

the conic model sub-problem (1.2). Then either X, ., is accepted or the trust region radius is reduced according to the

ratio I, between the actual reductions of the objective function

Ared, =C, — f (X, +5s,) (2.1)

and the predicted reduction

Pred, =-S5 1 _%Bs 22)

k hs 2 (-hs) '

. __ Ared, (s¢)

I.€., N = Pred, (s0) (2.3)

where

c f (%), k=0, 0 {1, k=0, o
K = 71QaCeatf (%) k = :

’”l“Q%, k>1, 7..Q.,+L k=1
Algorithm 2.1

Step 1. Givenx, € R",A,>0,h;=0,4€(0,1),0€(0,1),&>0,B, € R™is a symmetric matrix. Set k =0
and choose 77, €[0,1) and 77, €[ D) -

Step 2. Compute g, . If||gk || < &, stop. Otherwise, go to Step 3.

Step 3. Solve the sub-problem (1.2) for s, . Compute C, , Ared, , Pred, and T, .

Step 4. Ifr, = u, setX,,, =X +S, and go to the Step 6; otherwise, go to Step 5.

Step 5. SetX,,, =X, +,S,, where &, = _ng%Bksk :

Step 6. Compute A, ,; as
CPHBI:l ||gk||’p:p+11 if r <u

||gk||'4||sk||’Ak)! if ro>u

Step 7. Update h, [11]and the symmetric matrix B, , [11]. Setk =K +1, go to Step 2.
we define two index sets as below:

I ={k|rk > u} andJ :{k|l’k <}

k+1
p -1
max(c H B...

Convergence analysis
In this section, we will prove the global convergence property of Algorithm 2.1. The following assumptions are
necessary to analyze the convergence property.

Al The level set L(X,) ={xeR" | f (X) < f(X,)}is bounded for any given X, € R".
A2. The sequences{Bk} and{hk} are uniformly bounded, i.e., there exists a constant M, such that, ||Bk || <M, and
]| <M, forallk .
A3. The g(X) is Lipschitz continuous on the level set L(X,) , i.e., there exists a constant 7 such that,
la)-a)|<z|x-y].
A4. There exists a constantv > 0, such that S B,s=> vs's.
Remark: The constant & of the step 1 in the Algorithm 2.1 satisfies & € (0, min{L,%/}) .
Lemma 1. (See Lemma 1 in [5]) Suppose that A3-A4 hold and the sequence{Xk} is generated by Algorithm 2.1. Then
forallk € J , we have

fn— f <$(1-%)g.s, <0 (3)
Lemma 2. (See Theorem 3.1 in [10]) Suppose that A1 holds. Then there exists a positive constant &, > 0 such that
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Pred, > 6, || g,| min{Ak,”g%kH} (3.2)
for allk , where S, is the solution to (1.2).

Lemma 3. Suppose that A3-A4 hold and the sequence{Xk} is generated by Algorithm 2.1. Then for all kK we have

fk+l < Ck+l' (33)
77||gk|| min{AngkH B . 5 o
AndC,,, <C, - m“‘&, n= mln{é‘llu,% (1-<)} (3.4)
Qk+l

Proof. If K €1, i.e, I, > s. By the definition of I, andr, > s, we have

C, — fy = uPred, > 5,u]g, | min{a, 123> 0 (3.5)
Thus, C, > f,.,. Then, by the definition of C, , we obtain that

C:k+1 ﬂkaCkk; = = nkag(:: e = fk+l' (36)
So f.<C., 3.7)

If keJ,ie., I, <. Wewill consider the following two cases.
Case one: kK —1e | . According to Lemma 1 and (3.6), we have C, > fk > fkﬂ. Then, using the similar process of

proof, we can obtain that C, , > f, ..

Casetwo: kK—1e J.SetK ={i|1<i <k,k-1el}.
If K. Set m=min{k:k e K}, K, ={k—j|OS J<m-L<J. From Lemma 1, we have f_ 6 <f_
<C

k-m+1 — ~k-m+1"

By the definition of K, mand Formula (3.6), we obtain f Suppose that f, <C_,p>=k-m+2. By

using induction, we can have f, , <C, ;.

If K =¢J. From Lemma 1 and Formula (2.4), we obtain f,,, <C, ,, by using the induction.
Through the above analysis, we know Formula (3.3) is true.

Now, we prove the Formula (3.4) as the following two cases:

If kK e, the inequality (3.4) is obviously true.

If K e J, fromLemma 1, (2.4) and (3. 7) we have

fo,<f +S@0—2)(-gls,)<C, - | minga, 1213 (3.8)

[l

We combine (3.5) and (3.8), we obtain fk+1 <C, —77||gk [min{A,, o %k‘&.

MQACHClaminga ey <C _ ladmings [ 3

So, Ck+1 Qi k Qi (39
From above inequality, the Lemma is true.
Lemma 4. (See Lemma 3.2 in [12]) Suppose that A2 holds, there exists a C > 0 we have

Isll=<clal (3.10)

Lemma 5. (See Lemma 3.6 in [13]) Suppose that Al holds, and there is a positive number @ > 0 such that ||gk|| > m

for all k , then there exists aA> 0, such that for allk , we have A, > A.

Theorem 6. Suppose that A1-A4 hold and{X, } satisfies ZML =0 =1+ rlnax||B ||) Let the sequence {X, }
k=0 <i<k
generated by Algorithm 2.1, then we have
liminf |g, [ =0. (3.11)
k—o0

Proof. The proof is similar to Theorem 3.7
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CONCLUSIONS
In this paper, we present a new non-monotone conic trust region method with fixed step. Under some mild conditions,
we proved the global convergence result of the proposed method.
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