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On The Homogeneous Biquadratic Equation with Four Unknowns  
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Abstract: The bi-quadratic equation with 4 unknowns given by    
4444 32w =zyx   is analyzed for its patterns 

of non-zero distinct integral solutions. Six different patterns of integer solutions to the above bi-quadratic equation are 

presented. A few interesting relations between the solutions and special numbers, namely, polygonal number and 

pyramidal number are exhibited. 
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INTRODUCTION 

There is a great interest for Mathematicians since ambiguity in homogeneous and non-homogeneous Bi-

quadratic Diophantine Equations [1-3]. In this context, one may refer [4-18] for varieties of problems on the biquadratic 
Diophantine equations with three and four variables. In this paper, biquadratic equations with four variables given by 

4444 32w =zyx  is analyzed for its non-zero distinct integer solutions. A few interesting relations between the 

solutions and special polygonal numbers, pyramidal numbers are exhibited. 

 

NOTATIONS 

m
np :Pyramidal number of rank n with size m  

m
ncp :Centered pyramidal number of rank n with size m  

nSo :Stella Octangular number of rank n 

nG :Gnomonic number of rank n  

nPR :Pronic number of rank n  

 

METHOD OF ANALYSIS 
The diophantine equation representing the biquadratic equation with four unknowns under consideration is 

given by 

 
4444 32w =zyx 

       
                 (1) 

Note that (1) is satisfied by the following non-zero integer quadruples 

(0,2,2,1),(6,0,6,3),(16,-6,10,7),(30,-16,14,13),(2,0,2,1),(16,-10,6,7),(42,-32,10,19),(80,-66,14,37) 

 

However, we have other solutions for (1), which are illustrated below. 

Introducing the transformations 

u2z;  v-u  =y  v;+u  =x                            (2) 

in (1), it simplifies to 

           
222 4w =3u + v                                             (3) 
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The above equations (3) is solved through different methods and thus, one obtains distinct patterns of integer 

solutions of (1)  

 

PATTERN 1 

Assume 
22 3ab)w(a,w b                                         (4) 

where a and b are non-zero distinct integers 

Write 4 as  )31()31( =4 ii 
                                  

(5) 

 

Substituting (4) & (5) in (3) and using the method of factorization, define  

2)3)(3(1 =u3iv biai   

 

Equating real and imaginary parts, we have 

   

abau

aba

23b- 

63b- v

22

22




 

 

Hence in view of (2) and (4), the non-zero distinct integral solutions of (1) are given by 

22

22

22

3),(

46b- 2),(

8),(

46b- 2),(x

babaww

ababazz

abbayy

ababax









 

 

A few interesting properties are presented below:  

*) 0),(),(),(  baybazbax  

*) aPRazaw 4)1,()1,(2   

*) ),(),(),( 222222 aaxaayaaz  is a bi-quadratic integer 

*) 
322 16)1,()1,( aCPaaxaaz   

*) )12(mod0),(),(),(  aawaazaay  

*) )],(),([2 aawaay   is a Nasty number 

 

PATTERN 2 
            The ternary quadratic equation (3) can be written as 

  
222 43 vwu                    (6) 

 

Factorizing (6), we get 

     vwvwuu  22))(3(                         
 

which is expressed in the form of ratio as 

  0,
2

2

3












u

vw

vw

u
,       

 

This is equivalent to the following two equations. 

  
02

023





wvu

wvu




                                   

 
Applying the method of cross multiplication, we get 
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22

22

3

62

4













w

v

u

                                

In view of (2), the corresponding non-zero distinct integer solutions of (1) are 

  

22

22

22

3),(

8),(

642),(

642),(

















ww

zz

yy

xx

  

 

Some interesting properties are as follows: 

*) 0),3(),3(2   yw  

*) )4(mod0)1,()1,(2  aayaaw  

*) 0)1,()1,()1,(  aazaayaax  

*) 
522 16)1,()1,( aPaayaax   

*) )],(),([3 aazaay   is a Nasty number 

 

PATTERN-3: 

Rewrite (3) as, 1* v=3u -4w 222
         (7) 

Write 1 as )3-)(23(21 
          (8) 

Assume 
22 34 bav 

           (9) 

Substituting (8) and (9) in (7) and  using the method of factorization, we get 

)32(b)3(2au)3(2w 2 
 

Equating rational and irrational parts, we get  

abau

aba

83b 4

63b 4w

22

22




           (10) 

Again substituting (9) and (10) in (2), we get 

abbabaww

ababazz

babbayy

ababax

634),(

166b 8),(

68),(

88),(x

22

22

2

2









 

 

A few interesting properties are presented below:  

*) 
324))2(),1((2))2(),1(( apaaawaaaz   

*) )],(),(),(),([13 aayaaxaazaaw   is a perfect square 

*) )4(mod0)1,()1,( 22  aayaaz  

 *) 
522 8)1,(2)1,( aPaawaaz   

*) aGnareperfectsquawazay 9)1,()1,()1,(   

*) )],(),([3 aayaax   is a Nasty number 
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PATTERN-4: 

 Introducing the linear transformations TXvTXu 3, 
     (11) 

in (3), it leads to 
222 3 wTX           (12) 

which is satisfied by  

22

22

q 3

2

q-3







pw

pqT

pX

 

 

Substituting the above values in (11), we get 

pqpqpvv

pqp

6q- 3),(

2q-3q)u(p,u

22

22




          

In view of (2), we have                                                                                                                                                                                                                                                                                                                    

22

22

22

3),(

q24 6),(

8),(

246),(x

qpqpww

pqpqpzz

pqqpyy

qpqpqpx









 

 

A few interesting properties are presented below:  

*) aSOaaxaaz 8)12,()12,( 22   

*) ),(),( aaaay   is a perfect square 

*) 
5222 32)1,()1,()1,( apaaxaayaaz   

*) )],(),(108[ 2222 aawaay   is a bi quadratic itneger 

*) ),(),(),( aazaawaax   is a Nasty number 

 

 

PATTERN-5: 

Rewrite (3) as 
222 34 uwv           (13) 

 Introducing the linear transformations TXwTXu 3,4 
     (14) 

Substituting (14) in (13), we get  
222 12 vTX         (15) 

 

Following procedure presented in patteren-4, the corresponding integer values are as follows 

pqqpqpww

pqpqpzz

qpqqpyy

pqpqpx

612),(

q216 24),(

28),(

824),(x

22

22

2

2









 

 

PATTERN-6 

 It is worth to note that (15) can also be written as the system of double equations as follows: 
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12

1

2







vX

TvX

System

 

6

2

2

2







vX

TvX

System

 

2

6

3

2







vX

TvX

System

 

TvX

TvX

System

4

3

4







 

 

Solving each of the above systems, the values of X,T,v are obtained. Using these values respectively in (14) and 

employing (2), one obtains the corresponding integer solutions to (1).  

 

CONCLUSION 

               In this paper, we have presented infinitely many non-zero integral solutions for the non-homogeneous 

biquadratic equation with four unknowns
4444 32w =zyx  . As biquadratic equations are rich in variety, one 

may consider the other forms of biquadratic equations with variables greater than or equal to 4 and search for their 

corresponding integer solutions. 
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