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Abstract: In this paper, we propose a non-monotone trust region method for solving unconstrained optimization
problem. Unlike the traditional trust region methods, our new algorithm is simple by combining non-monotone strategy
with a scale approximation of the objective function’s Hessian. Theoretical analysis indicates that the new method
preserves the global convergence under some mild conditions.
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INTRODUCTION
Trust region method is a familiar iterative method to solve the unconstrained optimization problem:

min f(x), xeR" (1.1)
Where f(X): R" — R is a twice continuously differentiable function. For a given iteration point X, » it computes a
trial step d, by solving the following quadratic sub-problem:

min  q.(d)=f, +g;d+id'Bd, w2

st. |d|=A, |
Where f, = f(x), 9, =VFf(X), B, €R™ is a symmetric matrix which is the Hessian matrix or its
approximation of f (X) at the current point X, A, >0 is called the trust radius and |||| refers to the Euclidean norm.
The ratio p, between the actual reduction f(X,)— f(X,.,)and the predicted reduction of the model ¢, (0) —q, (d, )

plays an important role to decide whether dk is accepted or not and how to adjust the trust region radius.

It is well-known that traditional trust region methods consist of some drawbacks. Many numerical experiments [1,
2] indicate that enforcing monotonicity of { f (Xk)} may slow the rate of convergence when the iteration is trapped near
a narrow valley.

One of the most efficient methods for overcoming mentioned above drawbacks is non-monotone techniques. In
1986, Grippo et al. [3] proposed a non-monotone line search for Newton’s method. This algorithm accepts the step-size

o, whether
f(x +ad) < (X)) + B VE (x)'d, (1.3)
where Be(0,3) . (X)) = max f(%_;)my=00<m, < min{mk_l +1, M }(k >1), and M >0 is an
<j<m,

integer. It has been proved that the sequence {f(Xk)} is not increasing. Since then, many researchers [4-6] have

exploited the non-monotone technique and a lot of numerical tests have showed that the non-monotone technique
proposed by Grippo et al. [3] is efficient at some extent. In 1993, Deng et al. in [1] made some changes and applied it to
the trust region method, and proposed a non-monotone trust region method for unconstrained optimization. Theoretical
analysis and numerical results show that algorithms with non-monotone strategy are more effective than algorithms
without it. From then on a variety of the non-monotone trust region methods have been presented [2, 7].
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Although the non-monotone technique has many advantages, however, it has some disadvantages too. The iterations
may not satisfy the condition (1.3) for sufficiently large K, for any fixed bound M on the memory. Zhang and Hager

[8] also pointed out that the numerical results are dependent on the choice of parameter M in some cases. In order to
overcome these disadvantages, Zhang and Hager [8] proposed another non-monotone line search method, they replaced

the maximum function value with an average of function values. In detail, their method finds a step-size ¢, satisfying
the following condition:

f (% +a,d,) <C, + Ber, VF (x)'d, w4
where
F (%), k=0, 1, k=0,
k =) eaQeiCiat f (4) k = (1.5)
o) , k>1, n..Q.,+1 k=1

and 77, 1 € [Min s Maxc s i €[0,1) and 77, € [77,4,,1) are two chosen parameters. Numerical results showed
that this non-monotone technique was superior to (1.3). Then, this non-monotone was applied to the trust region methods
[9, 10]. Recently, Gu and Mo [11] introduced another non-monotone strategy. They replaced C, in (1.4) with R,

R fy s k =0,
B 1.6
‘ mR+A-n)f, k=1 (1.6)

for 17, € [1,in » Mmax ] - This Non-monotone technique is efficient and robust which is showed by numerical experiments in
[11].

The key problem is how to solve the trust region sub-problem (1.2) for the trust region method. Many efficient
methods for sub-problem (1.2) have been proposed [1, 2, 7]. However, when the scale of problem (1.1) is large, these

methods may be too slow because all these methods have to store a symmetric matrix B, and the algorithms are
complicated relatively.

A diagonal-sparse quasi-Newton method, which replaces the scalar matrix with the diagonal matrix, was proposed
in [12]. Based on the diagonal-sparse quasi-Newton method [12], Sun et al. [13] developed a non-monotone trust region
algorithm with simple quadratic models, in which the approximation of Hessian matrix in the sub-problem is a diagonal

positive definite matrix. Concretely, B, = diag(b,b?,...,0") so that (b},b7,...,b) is the solution of
2
1.7
min, 2 Z(yk 2 bdiy) (1.7)

whered, , =X, =X, Y., =09, —J,_,,and 0 < L <U are two constants. Then b, (i =1,2,...,n)is given by

Y, ifLs&sU;
L if o< L;
bll: dy 4

u, if Z“>U

Ly if di, =0.

Obviously, the memory requirements and computational complexity for estimating B, are low.

Inspired by the ideas introduced above, we use the new scale approximation of the minimizing function’s Hessian in
the trust region sub-problem, and then combine it with the non-monotone strategy proposed by Gu and Mo [11].

This paper is organized as follows. In Section 2, we describe our new non-monotone trust region method. The
properties of this new algorithm and the global convergence property are given in Section 3. Finally, some concluding
remarks are given in Section 4.

New non-monotone trust region method
If we give the initial point X, then f0 and g, can be computed. Suppose | is the Nx N identity matrix and set

B, = | . We can get the next iteration point X, = X, + 0, . Suppose that X, (K >1) have been obtained. We compute

Available Online: http://scholarsbulletin.com/ 70



http://scholarsbulletin.com/

Liran Yang et al.; Sch. Bull.; Vol-1, Iss-3(Aug, 2015):69-73

the approximation of the Hessian of the function f at X, . From X, =X, , +d, , we have X, , =X, —d, ;. By the

Taylor’s theorem, we can obtain
f (Xk—l) = f (Xk _dk—l) ~ f (Xk) - g-krdk_l +%d;_lv2 f (Xk)dk—l ) (2.1)
We consider y(x, )1 as an approximation of Vf (X, ), where y(X,) € R.Andthe y(X,) can be expressed as

dijdH [f(x.0)— f(x)+ged ], if F0q ) —f(x)+g;d,, >0,

X )= . (2.2)
7% -2, otherwise.
So, the sub-problem (1.2) can be modified as
min g (d)=f, +g;d+1y(x)d"d, 3

st. ||d|<A,,

The sub-problem (2.3) can be solved easily. In fact, if H_#xk) ng <A, set dk = _7(+k) g, ; otherwise dk of sub-
problem (2.3) is the solution of the following problem [15]:
min q,(d)= fk+g:d+%7/(xk)d1—d! (2.4)
st. |d]|=A,. |

By solving (2.4), we can compute the solution dk = —m O -

After obtaining d, , then the ratio p, is computed by
_Ared, R —f(x,+d,)

P = ’
 Pred,  q,(0)-q,(d,)
Algorithm 2.1

Step 1. Given x, € R", A, >0,0<u<v, <v,<1,0<c <L c,>¢,>1,6>0
0<e<1,0>0.setk =0, y, =1. Choose parameters 7,... €[0,1) and 77, € [77,in-1) -

(2.5)

Step 2. Compute g, . If ||gk || =0, stop. Otherwise, go to Step 3.
Step 3. Solve the sub-problem (2.3) for dk .
Step 4. Compute R, , Ared,, Pred, and p, .
Step5. If p, <, set A, =CA,, go to the Step 3.
Step 6. Set X,., = X, +d, . Compute A, ,, as follows:
C,A, ifp v, and|d[=A,,
A =19CA,, if p2vp
A, otherwise.
Step 7. Compute ¥ (X.1) . If ¥(X,1) Sgory(X ) =L, sety(X,,)=6.
Step 8. Choose 77, € [Min s Mmax] - S€ K =K +1, go to Step 2.
It is obvious that for all k, 0 <min(e, ) < y(x,) < max(%,0) (2.6)
CONVERGENCE ANALYSIS

In this section, we will prove the global convergence property of Algorithm 2.1. The following assumption is
necessary to analyze the convergence property.

Assumption 1. The level set L(X,) ={x € R"| f () < f (X,)}is bounded for any given X, € R" .
Lemma 2. (See Lemma 3.2 in [14]) If dk is the solution to sub-problem (2.3), then

Pred, =q,(0)—q,(d,) > ] g, | min{A, -2}, (3.1)

Available Online: http://scholarsbulletin.com/ 71



http://scholarsbulletin.com/

Liran Yang et al.; Sch. Bull.; Vol-1, Iss-3(Aug, 2015):69-73

Lemma 3. Let {Xk} be the sequence generated by Algorithm 2.1. For any fixed kK >0, we have
1:k+1 = Rk+l' (32)

Proof. Let K > Obe an arbitrary fixed integer. We obtain R e =11 (R — fi,,) from the definition of R, . By

k+1
P = i, (2.5) and Lemma 2, we have

R, — fu, = uPred, =%

g | min{a, fa} =0 (33)

lo]

R — T = (R — fia) = g, Pred, = 57,4 ]|g, || min {Ak’ y(xk)} =0 (3.4)

Therefore, we have R, , > f,,;.

Lemma 4. (See Lemma 3.4 in [14]) Suppose that the sequence {Xk} is generated by Algorithm 2.1. The algorithm is

well defined, i.e., it could not cycle infinitely in the inner cycle.
Lemma 5. (See Lemma 3.6 in [14]) Suppose that Assumption 1 holds, and there is a positive number 7 > O such that

||gk|| > 7 forallk, then there exists a A >0, such that for all K , we have Az A.
Lemma 6. Suppose that Assumption 1 holds, the sequence {Xk} generated by Algorithm 2.1 is contained in the level set
L(x,).
Proof. The constatation follows from Lemma 3, Assumption 1and R, = f,.
Lemma 7. Suppose that the sequence {X, } generated by Algorithm 2.1. Then the sequence {R, } is decreasing.
Proof. Combining (2.5) and (3.1), and p, = u, we have
f.n <R —uPred, <R —% g, |min{A, 253 (3.5)
Rt =R + A=74) fin
< 7R+ L= )(R, — 3 g, min{a, 2253
=R, — (1= 7.1) % #]| g [ min{a, , Jb3.
The formula above indicates that the sequence {R, } is monotonically decreasing.

(3.6)

Theorem 8. Suppose that Assumption 1 holds. Let the sequence {Xk} generated by Algorithm 2.1, then we have
liminf g,||=0. (3.7)
k—o0
Proof. We assume that Formula (3.7) is not true, that is, there exists a positive constant 7 > 0, such that

|9.]|=7 forail k. (3.8)

From (3.6), (2.6) and Lemma 5 we obtain that
R = ecaRe + @—710) s

< 7eaRy + A= 70.)(Re — ]| g [ min€a,, 253 (3.9)
=R, —A—7,)[% 1] g, [min{a, , 12137,
<R —3 A~ ur min{A, 5%,
Where A> 0. So, by (3.9) we have
R =R 2 3 (-7 r minfA, 5773, (3.10)

Consider Lemma 3 and Lemma 7, we know that {R, } is decreasing and f, <R, for all k > 0. Meanwhile from

Assumption 1 and Lemma 6, we know that {fk} is bounded below. Therefore {R, } is convergent. It follows from
(3.10) that

Z(l—ﬂm) min{Z,m}< 0 (3.12)
k=0 ¢

Available Online: http://scholarsbulletin.com/ 72



http://scholarsbulletin.com/

Liran Yang et al.; Sch. Bull.; Vol-1, Iss-3(Aug, 2015):69-73

Set min{Z —ZI—1=1.Formula (3.11) can be written as

" max(%,0)
o0

D (A= )A <o (3.12)

k=0

In the fact that 77, €[0,1), we have Z(l—nm)/’t is not convergent. This is a contradiction with Formula (3.12).
k=0
Theorem 8 has been proved.

CONCLUSIONS

In this paper, we present a new non-monotone trust region method based on simple quadratic models. The form
of the new method is very simple. Under some mild conditions, we proved the global convergence result of the proposed
method.
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