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Abstract: The binary quadratic equation represented by the negative pellian 1560 22  xy  is analyzed for its 

distinct integer solutions. A few interesting relations among the solutions are also given. Further, employing the solutions 

of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and special Pythagorean 

triangle. 
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INTRODUCTION 

Diophantine equation of the form ,122  Dxy  where D is a given positive square-free integer is known as 

pell equation and is one of the oldest Diophantine equation that has interesting mathematicians all over the world, since 

antiquity, J.L.lagrange proved that the positive Pell equation 1y 22  Dx  has infinitely many distinct integer 

solutions where as the negative pell equation 1y 22  Dx  does not always have a solution. In [1], an elementary 

proof of a ceriterium for the solvability of the pell equation 1x 22  Dy where D is any positive non-square integer 

has been presented. For examples the equations 47,13y 2222  xyx  have no integer solutions, whereas 

1202,165y 2222  xyx  have integer solutions. In this context, one may refer [2- 9].More specifically, one 

may refer ‟ The On-line Encyclopedia of integer sequences” (A031396, A130226, A031398) for values of D for which 

the negative pell equation 1y 22  Dx  is solvable or not. 

 

In this communication, the negative Pell equation given by 1560y 22  x  is considered and infinitely many integer 

solutions are obtained. A few interesting relations among the solutions are presented. 

 

METHOD OF ANALYSIS 
The negative Pell equation representing hyperbola under consideration is     

     1560y 22  x       (1) 

            whose smallest positive integer solution is 

                                     15,2x 00  y  

 To obtain the other solutions of (1), consider the Pell equation      

 160y 22  x  

 whose general solution is given by 

  ,
2

1
x~s sf sg

602

1
y~s   

 where  
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1
1

s )60431()60431(f 


 s
s

 

1
1

s )60431()60431(g 


 s
s

,           

Applying Brahmagupta lemma between (x0,y0) and ),~,x~( s sy  the other integer solutions of (1) are given by  

                          ss gf 15
30

1

2

15
x 1s   

                                 ss gf 15
4

1
60y 1s   

 
The recurrence relations satisfied by x and y are given by 

    122,2,062x 10123s   xxxx ss  

945,15,062y 10123s   yyyy ss  

 

Some numerical examples of x and y satisfying (1) are given in the following table below: 

 
s  

sx  sy  

0 2 15 

1 122 945 

2 7562 58575 

3 468722 3630705 

4 29053202 225045135 

5 1800829802 13949167675 

 

From the above table, we observe some interesting relations among the solutions which are presented  below: 

 

1. sx  is always even., sy is always odd. 

2. 0ys  (mod 15) 

3. Each of the following expressions is a nasty number 

   )226(16x 2222s   sy                                                    

 )248(3905x
62

3
3222s   sx   

 )6648(2 2222   ss yx  

 1218911715 4232   ss xx  

 )18603781(
155

1
2242   ss yy  

 )3061(
5

2
2232   ss yy  

 )12015124244(
10

1
3242   ss yy  

 )9303014640(
155

2
3222   ss yx  

 )63782928(2 3232   ss yx  

 )57630117150240(
9605

2
2242   ss yx  

4.. )216(3216 113333   ssss yxyx is a cubical integer. 
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5. 123 62   sss xxx  

6. 121 314   sss xxy  

7. 121 314   sss xxy  

8. 123 3119214   sss xxy  

9. 132 4311921   sss yxx  

10. 121 1244960   sss yyx  

11. 232 1244960   sss yyx  

12. 332 431   sss yxx  

13. 132 441920   sss yyx  

14. 232 431   sss yxx  

15. 131 2481921   sss yxx  

16. 122 4124960   sss yyx  

17. 321 1247684960   sss yyx  

18. 2132

2

2 .4.311921   sssss xyxxx   

19. 2122

2

2 .4.124960   sssss xyxyx  

20. 1132

2

2 .4.31   sssss xyxxx  

21. 1221

2

1

2

2 .4.4   ssssss xyxyxx  

 

REMARKABLE OBSERVATIONS 
Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of hyperbola which are presented in the table below: 

 

S.No Hyperbola yx,  

1. 90060225 22  yx  

)304(
15

60

),216(

11

11









ss

ss

xy

yx

 

2. 8865801601537614415 22  yx  

)3781(
930

60

),3905(
124

1

13

31









ss

ss

xx

xx

 

3. 90060 22  yx  

)304(
15

60

),30240(
15

1

11

11









ss

ss

xy

yx

 

4. 1440060 22  yx  

)15124244(
60

60

),1890117150(
60

1

23

32









ss

ss

xx

xx
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5. 0003191688576864900922560 22  yx  

)3905(
60124

1

),3781(
930

1

31

13









ss

ss

yy

yy

 

6. 216000225240 22  yx  

)63(
602

1

),61(
15

1

21

12









ss

ss

yy

yy

 

7. 86400060 22  yx  

)1890117150(
6060

1

),15124244(
60

1

32

23









ss

ss

yy

yy

 

8. 86490060 22  yx  

)41890(
465

60

),3014640(
465

1

21

21









ss

ss

yx

yx

 

9. 86490060 22  yx  

)24430(
465

60

),1890240(
465

1

12

12









ss

ss

yx

yx

 

10. 90060 22  yx  

)2441890(
15

60

),189014640(
15

1

22

22









ss

ss

yx

yx

 

11. 86490060 22  yx  

)244117150(
465

60

),1890907440(
465

1

32

32









ss

ss

yx

xx

 

12. 33212690060 22  yx  

)1512430(
28815

60

),117150240(
28815

1

13

13









ss

ss

yx

yx

 

13. 90060 22  yx  

)15124117150(
15

60

),117150907440(
15

1

33

13









ss

ss

yx

yx

 

 

Employing linear combinations among the solutions of (1), one may generate  integer solutions for other choices 

of parabola which are presented in the table below: 
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S.No Parabola yx,  

1. 90022560 2  xy  

)304(
15

60

,2)216(

11

11









ss

ss

xy

yx

 

2. 8865801601441515376 2  xy  

)3781(
930

60

,2)3905(
124

1

13

31









ss

ss

xx

xx

 

3. 9001560 2  xy  

)304(
15

60

,2)30240(
15

1

11

11









ss

ss

xy

yx

 

4. 144006060 2  xy  

)15124244(
60

60

,2)1890117150(
60

1

23

32









ss

ss

xx

xx

 

5. 0003191688576922560864900 2  xy  

)3905(
60124

1

,2)3781(
930

1

31

13









ss

ss

yy

yy

 

6. 216000240225 2  xy  

)63(
602

1

,2)61(
15

1

21

12









ss

ss

yy

yy

 

7. 864000602  xy  

)1890117150(
6060

1

,2)15124244(
60

1

32

23









ss

ss

yy

yy

 

8. 8649006060 2  xy  

)41890(
465

60

,2)3014640(
465

1

21

21









ss

ss

yx

yx

 

9. 8649006060 2  xy  

)24430(
465

60

,2)1890240(
465

1

12

12









ss

ss

yx

yx
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10. 9006060 2  xy  

)2441890(
15

60

,2)189014640(
15

1

22

22









ss

ss

yx

yx

 

11. 8649006060 2  xy  

)244117150(
465

60

,2)1890907440(
465

1

32

32









ss

ss

yx

xx

 

12. 3321269006060 2  xy  

)1512430(
28815

60

,2)117150240(
28815

1

13

13









ss

ss

yx

yx

 

13. 9006060 2  xy  

)15124117150(
15

60

,2)117150907440(
15

1

33

13









ss

ss

yx

yx

 

 

 

Consider 11sxm   sy , 1sxn  . Observe that m>n>0.Treat m,n as the generators of the Pythagorean triangle T(

 ,, ),where .,,2 2222 nmnmm    

 Let A,P represent the area and perimeter of T(  ,, ) 

Then the following interesting relations are observed. 

                a) 152930          

  b) 15
4

3031 
P

A
  

  c) 15
120

31 
P

A
  

 

CONCLUSION: 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative 

Pell equation 1560y 22  x . As the binary quadratic Diophantine equations are rich in variety, one may search for 

the other choices of negative Pell equations and determine their integer solutions along with suitable properties. 
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